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ABSTRACT

The set of valence-bond states — states in which localized spin-1/2 particles are correlated in
singlet pairs said to be connected by valence bonds — provides a useful basis for visualizing
singlet ground states of quantum spin systems. For example, the ground state of the uniform
one-dimensional nearest-neighbor spin-1/2 antiferromagnetic (AFM) Heisenberg model (the
prototypical spin-liquid state) can be viewed as a strongly fluctuating liquid of valence bonds
with a power-law length distribution. This intuitive picture directly reflects the long-range
spin correlations in this state, as well as the existence of gapless excitations created by

breaking long bonds.

Valence-bond states also play a key role in describing the physics of random spin-1/2
AFM Heisenberg chains. For these systems, it was shown by Fisher, using a real space
renormalization group analysis, that on long-length scales the ground state is described by
a single valence-bond state known as a random singlet state. This single valence-bond state
should be viewed as a caricature of the true ground state, which will certainly exhibit bond

fluctuations on short-length scales.

In valence-bond Monte Carlo (VBMC) simulations valence-bond states are used to
stochastically sample singlet ground states of quantum spin systems. One of the appealing
features of VBMC is that if one imagines viewing the sampled valence-bond states over many
Monte Carlo time steps the resulting “movie” would correspond closely to the intuitive
resonating valence bond picture described above. For random Heisenberg chains (and
related models) VBMC should therefore provide a useful method for directly studying the
phenomenon of random singlet formation on long-length scales, while at the same time

capturing the short-range fluctuations which will always be present.
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In this dissertation I present results of VBMC studies for a class of models which include
the uniform and random spin-1/2 AFM Heisenberg chains, as well as models describing chains
of interacting non-Abelian quasiparticles — exotic quasiparticles conjectured to exist in
certain fractional quantum Hall states. In addition to numerically computing and analyzing
the so-called valence-bond entanglement scaling in these models, I introduce a new quantity
which I refer to as the valence-bond fluctuation (the central new result and the main
contribution of this dissertation). It is shown that this quantity, which is easy to compute in
valence-bond Monte Carlo, provides a direct signature of random singlet phase formation by
essentially allowing one to directly “see” the “locking” of the ground state into a particular
valence-bond state on long-length scales. A detailed scaling analysis of this new quantity
is then used to extract the dependence of the fluctuation length scale on disorder strength.
Where possible, the results are compared to previous numerical and analytic work on the

relevant models.
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CHAPTER 1

INTRODUCTION

In this introductory chapter I give some of the essential background needed to understand
the results presented in this dissertation. The chapter begins with an introduction to the
spin-1/2 antiferromagnetic (AFM) Heisenberg chain — one of the best studied models in
physics. Some properties of the Hilbert space of a collection of spin-1/2 particles are then
reviewed, and the valence-band basis, a useful basis for visualizing the total spin 0 sector
of this Hilbert space, which plays a key role throughout this dissertation, is described. The
chapter then focuses on the so-called random singlet phase, a phase which appears when
disorder (even weak disorder) is present in the spin-1/2 AFM Heisenberg chain. This is
followed by a description of how the spin-1/2 AFM Heisenberg chain can be modified to
yield a class of related models characterized by a single parameter d. For special values of
d, these models can be thought of physically describing chains of interacting non-Abelian
anyons — exotic quasiparticles which can exist in certain fractional quantum Hall states.
With this background, the chapter concludes by giving some of the motivation for studying

these models and presenting an outline of the rest of the dissertation.

1.1 Models

1.1.1 Quantum spin chains

Quantum spin chains, in which localized quantum spins interact via the exchange interaction,
are of great interest from both theoretical and experimental points of view. The exchange
interaction, a purely quantum mechanical effect caused by the Coulomb repulsion and
the Pauli exclusion principle, has been understood since the very early years of quantum
mechanics as the key to the microscopic theory of quantum magnetism and other cooperative

phenomena involving electron spins [1].



Although real materials are essentially three-dimensional, low-dimensional quantum
spin models, such as quantum spin chains, are scientifically valuable for many reasons.
First, three-dimensional models are generally difficult to solve analytically, while in lower
dimensions analytic solutions can often be obtained for clean (no disorder) models. Examples
include Onsager’s solution [2] for the two-dimensional Ising model or Bethe’s ansatz solution
[3, 4, 5] for the one-dimensional spin-1/2 AFM Heisenberg model with exchange interaction
between nearest neighbor spins. Second, many real interesting materials which have well-
localized spins and different exchange interactions along different orientations can be well
described by low-dimensional quantum spin systems. Cuprate insulators, the materials
which can be doped to produce high temperature superconductors, are excellent examples of
systems well described by a two-dimensional Heisenberg model [6]. Some examples include an
organic ion-radical salt which consists of 3,3’-dimethyl-2,2’-Thiazolinocyanine™ and TCNQ™
[7] and the crystalline SroCu(POy); [8], can be modeled as a perfect spin-1/2 AFM Heisenberg
chain.

The great interest given to quantum spin chains also comes from the many fascinating
quantum phenomena in their ground states and low-lying excitations. Among these
phenomena, quenched disorder gives rise to various exotic phases, which are realized neither
in regular quantum systems nor classical random systems [9, 10]. The interplay of disorder
and quantum fluctuations in the disordered models plays an essential role in these phases.

One of the models studied in detail in this dissertation is one of the fundamental quantum
spin chains, the isotropic critical spin-1/2 AFM Heisenberg chain with nearest neighbor

exchange interactions. The Hamiltonian describing this model is

H - ZJZ‘S_:Z . _»i—l—la (11)

=1

where the J; > 0 are the antiferromagnetic exchange couplings, while S; = (S¥,5Y,57) is the
spin-1/2 operator at site ¢ in the vector form. We will refer to the model with constant .J;,
i.e., J; = Jo, as the uniform chain. This model is exactly solvable by Bethe ansatz [3, 4, 7]
and is known to possess gapless excitations and power-law spin correlations. It is the main
goal of this dissertation to study the critical random chains with random J;, focusing on the

random singlet phase which is relevant to the model with any finite strength of disorders

[10].



1.1.2 Hilbert space

For a more detailed discussion on the model, I will describe here the relevant Hilbert space.
The Hilbert space of a spin-1/2 Heisenberg chain can be examined using the rule of angular
momentum coupling applied for the spins. The combination of two spins S; and Sy results
in a state with the possible total spin St determined by the familiar rule for addition of
angular momentum (referred to as a “fusion rule” in what follows),

|S1+S2|

SieSh= @ J (1.2)
J=I181—5:|
As an example, the Hilbert space of the states of two spin-1/2 particles (or simply “spins”
in what follows) is formed by two subspaces, one with total spin 0 and the other with total
spin 1
1 1

S@-=001L 1.3
5 ®5=00 (1.3)

The decomposition (1.2) can be used to diagrammatically express the Hilbert space of a
chain of spins by means of the Bratteli diagram [! 1] which is shown on the Figure (1.1). On
this diagram, the horizontal axis shows the number N of spins while the vertical axis shows
the total spin S, Starting from N = 0 (corresponding to the origin of the diagram), spins
are added to the chain one by one, and the fusion rule (1.2) is used to determine the possible
total spins of the resulting state. A vertex at the coordinates (NN, St°)) corresponds to the
state with the chain size N and the total spin S*Y. As an example, the vertex indicated
by an arrow on the figure has coordinates (N = 8, S = 1), implying that it corresponds
to the state with total spin 1 of the chain of 8 spins. Arrows going out from a vertex show

tot) when a spin is added to the chain.

the possible values of the total spin S¢

As shown on the diagram, each vertex (N, S(t°") is assigned a number showing the number
of states, or more precisely, the degeneracy of the state, represented by this vertex. In other
words, this number is the dimensionality of ’Hﬁ“(’”), the spin-St°Y sector of the total Hilbert
space corresponding to a chain of (even) N spins. (Of course there is an additional trivial
2.5t 1 1-fold degeneracy associated with the possible values of the z-component of the total

)

. . . (tot)y . ..
spin.) In this diagram, a state of 7-1,55 is represented by a path going from the origin to

the vertex (N, S®Y). For example, the blue path in Figure 1.1 is a state of a chain of N = 8

tot)

spins and total spin S®°) = 1. A crucial feature of this diagram is that a “state path” can

go as high as possible, given that it starts from the origin and ends at the desired vertex.
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Figure 1.1: Bratteli diagrammatic representation of the Hilbert space of a chain of N spin-
1/2 particles. The horizontal axis is the number N of spins in the chain while the vertical
axis is the total spin S®* of the chain. The number attached to a vertex shows the number
of states represented by this vertex, which is, by definition, the number of paths going from
the origin to the vertex. Blue path is an example of such states where the chain size is
N = 8 spins and the total spin S®* = 1. The red numbers along the horizontal axis are the
dimensionality of the singlet sector Hg\?) of the total Hilbert space corresponding to given
values of N.

The ground state |0) of the Heisenberg chain described by the Hamiltonian (1.1),
according to a theorem by Marshall [1], is a singlet state with total spin zero. The singlet
subspace 7{58) corresponding to the chain size N and the total spin zero is shown on the
horizontal axis of the Bratteli diagram. The dimensionality of ’Hg\?) with a given (even) value
of N, given by the red numbers along the horizontal axis, by definition, is the number of state
paths going from the origin to the corresponding point on the axis. It can be proved (see,
for example, Ref. [12]) that this dimensionality is related to the so-called Catalan number

as
N!

NN

dlm(Hg\?)) = CN/Q = (14)



In the limit N — oo, it is readily shown that the Catalan number Cy/, and hence, the

dimensionality dim(’z’-lg\?)) grow as

2N
lim CN/Q ~

lim PR (1.5)

Thus, the dimensionality of the singlet Hilbert space 7—[53) grows asymptotically as 2V as
N — oo.

We now introduce the so-called quantum dimension d of the spins, defined so that
for a chain of N > 1 spins, the dimensionality of the singlet Hilbert space Hﬁ) gTOwsS
asymptotically as

dim H Y ~ aV. (1.6)

The quantum dimension characterizing spin-1/2 particles is thus d = 2 while for other kinds
of “particles” that will also be studied in this dissertation, d # 2. For this reason, d is an

important parameter which characterizes the models studied in my dissertation.

1.2 Valence-bond basis

1.2.1 Valence-bond states

The ground state |0) of a spin AFM Heisenberg chain described by the Hamiltonian (1.1)
is a singlet state with total spin zero [l], so it can be very conveniently visualized by
valence-bond states, the states in which pairs of spins are correlated into singlet states
over arbitrary distances. These states are easy to compute with, and are useful to describe
many physically interesting systems [13]. In particular, the valence-bond basis, the basis
of valence-bond states, can be used for Monte Carlo simulations [11], as first shown in the
context of variational Monte Carlo for square-lattice Heisenberg models by Liang, Doucot,
and Anderson in 1988 [15].

The concept of a valence bond was introduced in the 1930s by Pauling and collaborators
[16] to describe the spin singlet state of two localized (spin-1/2) electrons on different sites.
In a spin chain, the singlet state |s;;) of two spins localizing at sites ¢ and j is defined by

1
|sij) = 7

where, as usual, | 1;) and | J;) denote the eigenstates corresponding to the eigenvalues +1 of

(| Tads) = 1it)) (1.7)

the spin component S* of the spin at site ¢ (the reduced Planck constant £ is set to unity).
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Throughout this work, a valence bond, as shown on Figure 1.2, is usually illustrated by a
(red) curve connecting two (blue) circles for two spins. Because |s;;) = —|s;;), it is necessary
to emphasize the order of two sites i and j in the definition (1.7) of the singlet state. This
order is specified by an arrow in association with the valence bond representing the singlet,
pointing from site 7 to site j (see Figure 1.2). However, the arrow associated with a valence
bond is not really necessary in this Dissertation and this will be discussed in the context of

bipartite valence-bond states at the end of this subsection.

S
i J

Figure 1.2: The singlet state of two spins localizing at site ¢ and j (two solid blue circles) is
represented by a red curve connecting them. The arrow pointing from site ¢ to site j implies
that this bond represents the singlet state |s;;), which differs from |s;;) by a minus sign:

|si7) = —lsji)-

The valence-bond state |a) that can be used to described chains of (even) N spins (e.g.
electrons), is defined as a direct product of N/2 singlet states |s;, ;) as

N/2

) = ® ’Sik:jk>' (1.8)

The valence-bond state |«), for convenience, is sometimes written as

@) = [(i1, 1) - - - (v vg2) (1.9)

where round parentheses (i, ji) is used for the singlet state |s;, ;, ), emphasizing that there
is a valence bond connecting sites 75, and j,. This representation is useful for describing the
actions of a singlet projection operator on a given valence-bond state, which is discussed in
section 1.2.5.

The models studied here are all bipartite, i.e., the lattice is composed of two sublattices,
A and B, with the same size Ny = Ny = N/2. Specifically, all the odd sites belong to the

sublattice A while all the even sites belong to the sublattice B. In a valence-bond state, for
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Figure 1.3: A typical valence-bond state used for describing chains of anyons and chains of
spins. Blue circles are the anyons/spins while red curves are valence bonds. Letters “A”
and “B” label the sublattices of the chain. Any valence bond of this state connect sites from
different sublattices. Arrows are not necessary because they are always assumed to point
from a site belonging to the sublattice A and a site belonging to the sublattice B.

example the state written as in Eq. (1.9), for any valence bond (i, ji), which describes the
singlet state |s;, ;. ), i € A and jj, € B. Such states are called bipartite valence-bond states,
and one of them is illustrated on the Figure 1.3. For the reason of simplicity, in this figure
and in what follow, the arrow which is used to specify the order of the two sites of a valence
bond as illustrated on the Figure 1.2 can be removed. Instead, when considering a valence
bond, it is automatically implied that the associated arrow always points from the site that

belongs to the sublattice A to the site that belongs to the sublattice B.

1.2.2 Singlet projection operator

It is convenient to write the Hamiltonian (1.1) in terms of the singlet projection operator
1Y, which is defined as
I = [sii) (il (1.10)
In this definition |s;,;+1) is the singlet state of two spins at sites ¢ and 7 + 1, which can be
written in the S, eigenstate basis as
1
|sii1) = /2

It has been shown (see, for example the Appendix A.1) that I1? can be written in terms of

(I Padivr) — [atien)) - (1.11)

the local Hamiltonian H; = 5_’; . giH as

119 =

)

~ 5.5, (1.12)

> =
N
N



It can be seen from the Eq. (1.12) that there is only a constant difference between II; and
5} . §¢+1, so the Hamiltonian (1.1), up to a constant, can be written in terms of the singlet

projection operators I1Y as follow
H=-) JII. (1.13)

The Hamiltonian (1.13) is used throughout the rest of this dissertation because it is
convenient for generalizing the Heisenberg chain to a wider class of models, including chains
of interacting non-Abelian anyons, the transverse field Ising model, and higher spin chains.

For more detailed discussions on the singlet projection operator I1?, readers are referred
to the Appendix A.1. In addition, a useful diagrammatic representation for I1? is given in

section 1.2.5.

1.2.3 Valence-bond basis

The basis of all the valence-bond states is massively overcomplete, given that these states are
not linearly independent. However, if we work only with non-crossing valence-bond states
— states in which valence bonds do not cross others (see Figure 1.3 for an example of such
states), the basis is complete, i.e., it spans the singlet Hilbert subspace HE\?) described in
the section 1.1.2, and is linearly independent. In other words, the number of non-crossing
valence-bond states is also the Catalan number

N1
Cna = (N/2M(N/2+ 1)

(1.14)

which grows asymptotically as 2V for large N, as we have discussed in regard to the
dimensionality of the singlet subspace HE\?) of the spin-1/2 systems.

As a proof for the result that the number of non-crossing valence-bond state is also the
Catalan number, on the Figure 1.4 a one-to-one correspondence between a state path of
the Bratteli diagram with total spin zero of 10 sites and a non-crossing valence-bond state.
Having a state path shown on the diagram, which represents a state of total spin zero, the
procedure for constructing the corresponding non-crossing valence-bond state is as follows.
At each spin, depending on whether the incoming arrow goes up or down, a valence bond
is opened or closed, respectively, at this site. Consider, for example, site 1 at which the

incoming arrow goes up, thus a valence bond is opened at the site 1. The incoming arrow at
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Figure 1.4: A one-to-one correspondence between a state path with total spin zero on the
Bratteli diagram and a non-crossing valence-bond state of 10 spins.

site 2 also goes up, thus another valence bond is opened at site 2. Now, the arrow at site 3
goes down, implying that a valence bond is closed at this site. Among two opening valence
bonds, which are opened at sites 1 and 2 as mentioned above, which bond is closed at site
37 The answer is the bond starting at site 2, the opening bond opened at the nearest site
from the left. This criteria guarantees that the bonds constructed by this procedure are non-
crossing. This procedure is iterated until the last site is reached. At the end, the non-crossing
valence bond obtained is unique. This procedure can also be reverted to obtain a unique
state path starting from a non-crossing valence-bond state. This one-to-one correspondence
implies that the number of all the non-crossing valence-bond states is equal to the number

of all the state paths going from the diagram origin to the vertex (N,0) on the horizontal



axis, which describes a state with total spin zero. The number of such valence-bond states,
therefore, is Cy/2, a Catalan number.

A very important property of this basis is that it is not orthogonal, i.e., the overlap
of any two basis states is non-zero (see section (1.2.4)). This is one of the foundations of
valence-bond Monte Carlo, the numerical method used in this dissertation. For describing
this numerical method, actions of a singlet projection operator IT{ on a given valence-bond
state is also necessary. In the next sections, the overlap of two arbitrary valence-bond states
as well as the actions of the singlet projection operators I1? on valence-bond states are

described.

1.2.4 Overlap of two valence-bond states

A formal derivation of the overlap of two given valence-bond states describing a chain of
spins can be found elsewhere, for example, in Ref. [17]. T will describe here a very simple
procedure for calculating the overlap, which is easy to be implemented in a valence-bond
Monte Carlo simulation.

Being shown on the Figure 1.5 is the procedure for determining the overlap of two valence-
bond states |a) and |3) of a chain of N spins. Having the bond configurations corresponding
to states |a) and |3), one simply superimposes one onto the other, and counts the number
of closed loops Niyeps formed by the bonds. The overlap (5|«) of the states |«) and |3) is

then determined by a very simple formula:
(Bla) = dNioors =N/ (1.15)

where d is the quantum dimension, which equals 2 for spins. In this case, the overlap of |a)
and |B) is 2Neors=N/2 Note that determined by the formula (1.15), the overlap of any two

valence-bond states |«a) and |3) is always non-zero.

1.2.5 Actions of singlet projection operators on a valence-bond
state

I will explain in this section a simple rule for diagrammatically describing the actions of a
singlet projection operator II? on a given valence-bond state. A proof of this rule can be

found in Ref. [18] for arbitrary d, of which the value d = 2 is relevant for spins.

10
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Figure 1.5: (a) Two non-crossing valence-bond states |a), |5) with N = 12 sites. (b) To
determine the overlap of these states one simply overlays the two bond configurations and
counts the number of closed loops, Nigeps, Which is equal 4 on this figure. The overlap
(Bla) of the two states is then determined by d™wors=N/2 where d is the quantum dimension,
which equal 2 for spins. For the states |a) and |5) shown on this figure, the overlap is
(Bla) = d*=0 =d2.

For simply describing this rule, we use the notation (¢, j) for the singlet state |s;;) of spins
at sites ¢ and j. A valence-bond state represented as |- -- (7, 7) -+ -) implies that spins at sites
i and j are in a singlet. The actions of a singlet projection operator IIY on a valence-bond
state can be classified into two cases. In the first case when the spins at sites ¢ and 7 + 1 are
in a singlet state, operating I} on |---(i,7) ) yields |--- (i,5)--+) itself

O] (it 1) o) = i 1)), (1.16)
i.e., the (diagonal) action of ITY leaves no change on the state. On the other hand, when the
spins at sites ¢ and i+ 1 are not in a singlet state, the (off-diagonal) action of IIY re-organizes

the bond configuration and introduce an additional factor of é (note that for spins, the

quantum dimension is d = 2)
- : 1 . :
H?‘"'(Z,j)"'(l+17k)"'>:E|"'(Z7Z+1)"'(]7k>"'>. (]_]_7)

The rule described in (1.16) and (1.17) can be described in a diagrammatic way which is

very useful for the subsequent parts of this dissertation. We first discuss the diagrammatic

11
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Figure 1.6: A diagrammatic representation of a singlet projection operator II?. Operating
on a given valence-bond state, IIY creates a singlet bond connecting two spins at sites ¢ and
i + 1 and introduces an additional factor of 1/d (for spins, d = 2). Time direction goes
from the bottom to the top of the diagram. For more interpretations of this diagrammatic
representation of I1?, see Figure 1.7 for the actions of II? on two given valence-bond states.

representation of a singlet projection operator I1? which is shown on the Figure 1.6 where
the time direction goes from the bottom to the top of the diagram. It is shown on this figure
that IIY creates a valence bond connecting two sites 7 and 7 + 1 and introduces an additional

factor 1/d. We note that for spins, d = 2.
o 1 2 3 4 1 ~
(@ I} ea_eo eo_oe = 'S, = e_e® eo_ns

b)) II) a_es e_» =

Figure 1.7: Actions of two projection operators I1Y and IS on a given valence-bond state.
The spins are numbered for easily describing the actions of I1?, which directly operates on
sites ¢ and 7+ 1. The actions of IT{ make one closed loop (see the (a) panel), which introduces
a factor of d so the overall factor raised by IIV is é x d = 1. On the other hand, the actions of
19 makes no closed loop (see the (b) panel), so in this case, the overall factor %l. For spins,
the quantum dimension d = 2.

The actions of a singlet projection operator II? on a given valence-bond state |a) can
then be described by overlaying the diagram for ITY on the bond configuration of |a). The

resulting state is determined by the open loops which terminate at the top of the diagram

12



while an additional factor is given by considering two sites ¢ and i+ 1 in the initial state |a).
If they are already connected by a valence bond, then a closed loop is formed (see Figure
1.7 (a)). For the closed loop, a factor of d is introduced [18], resulting in the overall factor
is 1/d x d = 1, as described on the Eq. (1.16). On the other hand, if the two sites are not
in a singlet state, there is no closed loop (see Figure 1.7 (b)), so the factor is just 1/d, as in
the Eq. (1.17). The overall factor, which is either 1 or 1/d, is a very important quantity in

the numerical method used in my dissertation.

1.3 Random singlet phase

1.3.1 Roles of disorders

With no disorder (J; = J), the uniform spin-1/2 AFM Heisenberg chain described by the
Hamiltonian (1.13) can be solved exactly by Bethe ansatz [3, 1] and has been shown to
have a gapless quasi-long-range-ordered phase. In the valence-bond basis, the ground state
|0) of this chain can be thought of as a linear combination of all the possible valence-bond
states in which bonds are strongly resonating on all length scales and are characterized by
a power law bond length distribution. This strong resonance reproduces the translational
invariance of the “spin-liquid” ground state, which is directly implied from the Hamiltonian
of the uniform chain.

It has been shown by Doty and Fisher [J] that any amount of disorder of J; is
relevant and destroys the quasi-long-range order while the translational invariance is also
completely broken. Consequently, many unusual phenomena are realized from the presence
of disorder, showing a key role of the interplay between strong interactions and disorder
10, 19, 20, 21, 22, 23, 24],

In 1979, Dasgupta, Ma and Hu [21, 22] introduced a real space renormalization group
(RG) procedure to study the disordered spin-1/2 AFM Heisenberg chains. The procedure,
which is simple and useful, consists of eliminating in an iterative way the degrees of freedom
of high-energy scales, to obtain in the end a single non-crossing valence-bond state as the
ground state of the disordered chain in low-energy scales, and the associated phase is referred
as “random singlet phase” [10]. At zero temperature, each spin forms a singlet pair with
another spin, making a valence bond connecting them. While most of the bonds are short,

bonds of arbitrary long length also exist. The work of Fisher [10] has thus generated a great
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interest in using this method to study the random singlet phases in spin-1/2 Heisenberg
chains [25], spin—1 Heisenberg chains [20], and chains of interacting non-Abelian anyons,

the model which can be viewed as a generalization of the quantum spin-1/2 chains.

1.3.2 Random singlet phases

The RG procedure introduced by Dasgupsta, Ma and Hu [21, 22] for the spin-1/2 AFM
Heisenberg chain is described as follow. We first identify the strongest coupling of the chain,
say, Jo and consider the block of four contiguous spins labeled by 1, 2, 3, and 4 with the

local Hamiltonian given by

Higza = Ji1S1 - So + JoSy - Sy + J555 - S (1.18)
We then make an assumption that
Jo > J;
(1.19)
Jo > Js,

so Hi934 can be separated into two terms as Hio34 = Ho + H where the unperturbed term
H, is given by

Ho = J»S, - S (1.20)
and the perturbation term H is

H - Jlgl : §2 + Jggg, . §4. (121)

At zero temperature, perturbation calculations are performed for the ground state energy
of the local Hamiltonian His34. First, we note that the ground state of the unperturbed
Hamiltonian H, is the singlet state |sq3) of 5_"2 and §3 corresponding to the ground state
energy €, = _Z%JQ. The two spins at sites 2 and 3, therefore, are connected by a valence
bond, as can be seen on the figure (1.8).

We then include the effects of the perturbation H on the ground state energy of
the local Hamiltonian Hi234. Being noted that Hy has three more triplet eigenstates
[#55) = 5 (I tadisa) + [ Litin)), 1855) = 5| titiga), and [t5) = 25| Lilisa), all with the
same eigenvalue ¢, = 1_111]2, the second order perturbation expression for the modified ground

state energy of Hisgy is

3

€0 = €5 + (23 H[s23) + Z ‘<523\H’tg3)>

i=1

2 1

€s — €&

(1.22)
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Figure 1.8: An illustration for the decimation procedure. J, is assumed to be the strongest
coupling of the chain, so J; is much larger than the two adjacent coupling Jo > J; and
Jy > J3 (see the sub-figure of J; vs i). Two spins 2 and 3 are frozen into a singlet state, and
can be crossed out from the Hamiltonian. The effective interaction between spins 1 and 4 is

en given ~14 == . e “quantum dimension of spin- articles, which is use
then gi by J ;J}]‘f The “quant d 7 d of spin-1/2 particl hich d
extensively in this dissertation, is equal 2, thus Jiu = %J}]‘Z]&

Now the two spins at sites 1 and 4 enter the stage and play a role. The expression (1.22) is
expected to be written as
€0 =€)+ JuuS; - Sy (1.23)
A little calculation which makes (1.23) become equivalent to (1.22) gives
, 3 3

and
~ 1J1J;
= - . 1.25
=y (1.25)

After this step, two spins at sites 2 and 3 are frozen in the singlet state, so they can be
removed from the chain. In the effective Hamiltonian which describes the reduced chain, the
effective coupling Jia is added while the constant €y is removed. This procedure is iterated
to eliminate the spins corresponding to the next strongest remaining coupling so at the end
of the iteration and at the limit of very strong disorder, a valence-bond state (see Figure
(1.9)) is obtained as the ground state of this random chain [10, 21, 22].

A crucial feature of this procedure is that the effective coupling Ji, is not correlated
with the remaining couplings of this chain, so J; are always statistically independent during

the decimation procedure. Consequently, one can safely work with P(.J, ), defined as the
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Figure 1.9: An ideal random singlet ground state which is represented by a single valence-
bond state. The two spins of a singlet pair can be arbitrary remote and the effective
interaction between them is rapidly decreasing with the distance.

probability distribution of the renormalized coupling J, given that the strongest remaining
coupling is 2. This is an important concept in the sense that it determines various physical
properties of the chain, for example, the magnetic susceptibility and specific heat when the

effects of non-zero temperature are considered [10, 22]. We denote €2 as the strongest initial

I'=1In (%) (1.26)

s (®) am

is a new variable, the renormalized coupling distribution becomes Pr(f3), which is governed

coupling and introduce

as the flow parameter and

by the so-called flow equation [10, 21, 22]

dP > o 0P
) AR Y A ST A NSRS
dr’ 0 0 op
In the limit of infinite chain size, Fisher has shown [10] that an arbitrary initial random

coupling distribution P(f3), according to the Eq. (1.28), flows to the infinite randomness
fixed point distribution given by

Pr(B) = %e‘ﬂ/r- (1.29)

Consequently, disorder with any strength in the random spin-1/2 AFM Heisenberg chains is
usually relevant and hence drives the original model into the so-called random singlet phase
at low-energies. An illustration for the renormalization group flow is given on figure 1.10.
At zero temperature, the random singlet ground state of a random chain is a single
valence-bond state with two important characters: the singlet bonds can be formed at

arbitrary long distance as € is low enough and no singlet bond can cross each other. In
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Figure 1.10: An illustration of the renormalization group flow under which an arbitrary
distribution of coupling strength P(3) (left panel) is driven to a fixed point distribution
Pr(B) = +e7#/T (right panel).

addition, it can be found [25] that the relation between the typical singlet bond length A

and the energy scale, on average, is
A~ T2 (1.30)

where Q = Qpe~!. So at lower €, the flow parameter I is larger and the length scale of the
corresponding singlet bond is also longer.

The scaling of length with energy results directly to the forms of the susceptibility and
specific heat at low temperatures. The key point here is that at a low temperature 7', spins
with bond energies > T are frozen (paired) into singlets, while temperature 7' breaks
valence bonds with 2 < T', so the spins associated with these bonds are free. The number
of unpaired (remaining) spins is

N 1 1
Np =~ ~ . 1.31
BT Y nop * TP (1-81)

Because these spins are essentially free, they contribute to physical quantities such as specific

heat and susceptibility, and therefore Ni determines the forms of these quantities. From the

number of unpaired spins (1.31), it was found [10] that the low-energy specific heat is given
by
TdS 1
- N 1.32
dar  |InT)? (132)
while the susceptibility of the random singlet phase is
1

X T/ (1:33)
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1.3.3 Essential features

There are two essential features that characterize a random single ground state and are
relevant to the work in my dissertation. The first feature implies that valence bonds in a
random singlet ground state can have any length. More precisely, the probability to have
a long bond decreases with an inverse-square power law of the bond length. This feature,
which is illustrated on figure 1.9, is directly implied by the RG scheme on a given disorder.

For a sufficiently strong disorder, the approximation (1.19) used for the RG analysis is
well satisfied, i.e., the criteria (1.19) holds for all the decimation steps of the RG analysis.
Therefore, the random singlet ground state is precisely a single valence-bond state, of which
valence bonds do not fluctuate. In a more realistic model with finite disorder strength,
the picture is somewhat different. In particular, the valence bonds are “locked” into given
bond configuration on long-length scales, while, at the same time, they strongly resonate
on short-length scales. For an illustration of this feature, a movie that visualizes a random
singlet state is available online here [27], which clearly shows that the bonds fluctuate only on
short-length scales. This feature implies that although the RG analysis described in section
1.3.2 is less effective for short-length scales, it is asymptotically correct on long-length scales
or equivalently, on low-energy scales. The low-energy physics of the model is therefore

adequately described by the random singlet ground state obtained by the RG approach.

1.4 Generalized models

1.4.1 Non-Abelian anyons

A spin-1/2 AFM Heisenberg chain can be viewed as a special case of a model which describes
chains of interacting non-Abelian anyons (or simply anyons in what follows), the exotic
quasiparticle excitations believed to exist in some two-dimensional quantum systems and
obey non-Abelian statistics — the statistics described by unitary matrices [18, 28]. The
model, defined by Feiguin et al. in 2007 [29], is characterized by a single parameter d so that
for d = 2, it corresponds to a spin-1/2 AFM Heisenberg chain. Random chains of anyons,
similar to random spin-1/2 AFM Heisenberg chains, have been shown to enter random singlet
phases, as pointed out by Bonesteel and Yang [30].

Non-Abelian anyons are of particular interest due to a possibility to be used in the so-

called topological quantum computers, where braiding of the anyons is used to perform the
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unitary transformations of a quantum computation scheme [31, 18, 28]. Physically, non-
Abelian anyons can be realized [18, 32] by collective excitations in some condensed matter
systems, such as the fractional quantum Hall states of two dimensional electron systems [33].
For example, Ising anyons and Fibonacci anyons are the non-Abelian anyons corresponding
to the so-called levels k = 2 and k = 3, which can be relevant to the fractional quantum
Hall states with v = 5/2 [31, 35] and v = 12/5 [30], respectively. Mathematically, properties
of non-Abelian anyons with level k£ can be described by the SU(2); Chern-Simon effective
field theory. In this theory, non-Abelian anyons are characterized by a “angular-momentum-
like” quantum number called topological charge s which can take the values 0, %, 1,.. g
[18, 28, 32].

The anyons may interact. For a system of N anyons, there is an associated low-energy
Hilbert space whose dimensionality grows exponentially with N. If the anyons are well
separated, this Hilbert space is degenerate, however, bringing them closed enough will lift
the degeneracy, and the anyons are said to interact. When two anyons with topological
charge s; and sy interact, they can either annihilate, or form a new anyon with a total

topological charge. The fuse rule, which specifies the possible values of the total topological

charge is given as [18, 28]
$1® 89 =[$1 — So| @ ... D min(s; + 2,k — 51 — $2), (1.34)

where each value of possible total topological charge occurs with multiplicity 1. This fusion
rule implies that for a collection of non-Abelian anyons of level k, the total toopolgical charge
of the collection can not exceed k/2. Note that according to Eq. (1.2), there is no such limit
for spins. For an example, consider two anyons with s; = s5 = %, so the fusion rule is
1®l:0@1, (1.35)
2 2
i.e., if one has two anyons with topological charges %, the topological charge of their resulting
state is either 0 or 1. We note that this fusion rule is similar to that for spins described
in Eq. (1.2) according to which two spins may form a singlet or a triplet. Following Refs.
(29, 30], the resulting state with total topological charge 0 or 1 are referred as a “singlet”
or a “triplet”, respectively. Note that while the spin triplet state is 3-fold degenerated, the
anyonic “triplet” is non-degenerated. The terminologies of anyonic singlet and triplet are

useful in generalizing from chains of spins to chains of anyons.
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1.4.2 Chains of non-Abelian anyons

Chains of non-Abelian anyons

In 2007, Feiguin et al. [29] introduced a simple, exactly solvable model which is an analogue
of the spin-1/2 AFM Heisenberg chain. This model, which describes a chain of anyons, is
defined by, similar to spin-1/2 particles, assigning an energy gain J; > 0 if two anyons at
site 7 and i+ 1 fuse to triplet state (total topological charge 1) instead of singlet state (total
topological charge 0) (see figure 1.11 for an illustration). The Hamiltonian describing this

model is then given by:
H=-) JII, (1.36)

where the anyonic “singlet” projection operator IIY, again, is defined to projects the anyons
at sites ¢ and 7 + 1 onto the singlet state — the state with total topological charge zero.
Similar to the spin singlet projection operator, the anyonic singlet projection operator ITY
can be diagrammatically described by Figure 1.6 in which d is the quantum dimension of

the anyons, and will be defined right below.

)

J
e

Figure 1.11: Two non-Abelian anyons (solid blue circles) can fuse into a state with total
topological charge 0 or 1, corresponding to the anyonic singlet or triplet states, respectively.
It is assumed that there is an energy cost J for the anyons to be in the triplet state instead
of the singlet state.

energy

While the Hamiltonian (1.36) for a chain of interacting anyons is mathematically identical

to the Hamiltonian (1.13) for a spin-1/2 AFM Heisenberg chain, the chain of anyons can
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be viewed as a generalization of the spin-1/2 Heisenberg chains. In order to discuss this

generalization, we will discuss the Hilbert space of a chain of anyons.

Hilbert space

Similar to that for spins, the fusion rule (1.34) with a truncation at k/2 for anyons is the
starting point for using Bratteli diagram to represent the Hilbert space 7-[58) corresponding
to a chain of N anyons. On the Figure 1.12; a truncated Bratteli diagram corresponding
to a chain of N anyons with & = 3 is shown. According to the fusion rule (1.34), the
total topological charge of the chain is limited by the value of k£/2 which is shown on the
Figure 1.12 as the red line. State paths (the blue path is an example), therefore, can not
exceed this limit. The dimensionality of 7—[58), again, is the number of state paths starting
from the origin and ending at the point (N,0). Being shown on the Figure (1.12), the
red numbers corresponds to the values of dim(?—[gg)) =1,2,5,13, 34,89 with the chain sizes
N =24,6,8,10,12.

Due to the truncation of the total topological charge at k/2, dim(?—lg\?)) for a chain of N
anyons is different from that of a chain of N spins. It can be shown that for N > 1, the
dimensionality dim(?—[](\(;)) depends on N as [13, 23]

dim(HY) ~ @ (1.37)
where
d=2 1.38
B +2 (1.38)
is called the “quantum dimension” of the anyons at level k [37, 18, 28, 32]. A derivation for

the relations (1.37) and (1.38) by counting the state paths in the Bratteli diagram can be
found, for example, in Ref. [12].

In the limit £ — oo, the quantum dimension d = 2 and the anyons can be viewed as spins
in the sense that there is no truncation on the total topological charge. Fibonacci anyons
with £ = 3 have the quantum dimension is d = ¢ = %(\/5 + 1), the golden mean, are of
particular interest for quantum computation [18]. Another kind of anyons which is also of
great interest is the so-called the Ising anyon. Ising anyons are characterized by the level
k = 2 or, equivalently, the quantum dimension d = v/2.

With the introduction of “anyonic singlet” which is energetically favorable over the

anyonic triplet in section 1.4.1, valence bonds can be used to describe the singlet state
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Figure 1.12: A Bratteli diagram for the Hilbert space of a chain of N non-Abelian anyons
with £ = 3 — a chain of Fibonacci anyons. The horizontal axis shows the number of anyons
N of the chain while the vertical axis shows the total topological charge of the chain. The
dotted lines form a “prohibited area” where state paths can not enter due to the limit at
k/2 of the total topological charge shown by the red line. The number attached to a given
vertex shows the number of states represented by this vertex, which is, again, the number
of state paths going from the origin to the vertex. For example, the blue path represents
a state of a chain of 8 anyons with total topological charge 0. The red numbers along the
horizontal axis show the dimensionality of ’Hﬁﬁ).

of pairs of anyons. Consequently, the valence-bond basis can also be used to describe
chains of interacting anyons. Determined by Eq. (1.38), the quantum dimension d of
an anyon with any k is smaller than 2, which is the quantum dimension of spins, so the
dimensionality of the relevant Hilbert space of an anyon chain is smaller than that of a
spin chain. Consequently, the non-crossing valence-bond basis described in the section 1.2
is over-complete when describing the Hilber space 7—[5\?) of chains of anyons. However, the
Hilbert space HE\(,)) spanned by this basis is still perfectly well-defined, and can still be used
for describing chains of anyons. For the values of d given by Eq. (1.38), the Hilbert space
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7—[58) can be interpreted physically as describing the “topological charge 0”7 sector of the

chains of N interacting anyons.

Special cases and related models

Chains of anyons described by the Hamiltonian (1.36) can be viewed as certain deformations
of a spin-1/2 AFM Heisenberg chain. For certain values of d, model (1.36) corresponds
to various known models. For integer k, ie., k = 2,3, - 00, the unform chain of anyons
described by (1.36) with d = 2cos ;75 corresponds to the so-called conformally invariant
Andrews-Baxter-Forrester (ABF) models [38]. Model (1.36) with & = 2 or, equivalently,
with quantum dimension d = /2 describes a chain of Ising anyons, the non-Abelian anyons

believed to exist in the fractional quantum Hall state with v = 5/2 [34, 35]. This model can

be mapped onto the transverse field Ising model, the known model described by:
H=> JS;Si+ > hS;. (1.39)

Moreover, when k& = 3, the quantum dimension d = %(\/5 + 1), which is the golden mean
¢. In this case, the Hamiltonian (1.36) describes chains of Fibonacci anyons [29], the non-
Abelian anyons which may be relevant in the fractional quantum Hall state with v = 12/5
[39]. Finally, in the limit £ — oo, the quantum dimension d = 2 so the Hilbert space ’HS\?)
corresponds to the spin-1/2 AFM Heisenberg chain.

Going beyond the specific values of d given by Eq. (1.38), model (1.36) can also be

generalized to the case of arbitrary d. If one defines the operators U; = dIIY, it can be

verified that that U; are generators of a Tempeley-Lieb algebra [10, 11], i.e.
U = du;
UiUinU; = U
[Ui, UJ] = 0, for ‘Z —]| > 1. (140)
The Temperley-Lieb algebra is known [11] to characterizes many important models, including

the 141 dimensional Q-state Potts model with Q = d?, which is described by the

Hamiltonian:

H=-) U. (1.41)
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The Hamiltonian (1.41) is equivalent to the Hamiltonian (1.36) with constant J;. Conse-
quently, the Hamiltonian (1.36) with arbitrary d and J; = 1 describes the 1+1 dimensional
quantum @ = d*-state Potts model. In addition, chains of higher spin particles, i.e., particles

with spin 1 or higher can also be described by the model (1.36) is with d > 2.

1.4.3 Random singlet phases in random chains of anyons

Random chains of interacting anyons described by the Hamiltonian (1.36) with d = 2 cos 175
have recently been studied using real-space RG analysis [30]. Because this method is initially
developed for spin-1/2 models, modifications are needed to include the quantum dimension
d # 2. In particular, instead of (1.25), the effective coupling Jy4 is determined by [30]
= 2J1J3
U= R
i.e., the factor 1/2 in (1.25) is replaced by 2/d* in (1.42). For d = 2, 2/d* = 1/2 so (1.42)
becomes (1.25). For d > /2 as k = 2,3,--- 00, 2/d? < 1 so one has .Ji4 < .J, which implies

(1.42)

that the decimation procedure reduces the energy scale along the RG flow.

As a consequence of the real-space RG analysis described above, random chains of
interacting non-Abelian anyons with any disorder strength all flow to the random singlet
phases associated with the same fixed point (1.29) for random spin-1/2 AFM Heisenberg
chains [30], at which the ground state is a single valence-bond state. The random singlet
phases for random chains of anyons, like that for random spin-1/2 Heisenberg AFM chains,

also exhibit the essential features which are discussed in subsection 1.3.3.
1.5 Goals and outline

My work presented in this dissertation is motivated in part by Ref. [29] which gives
a definition of chains of interacting non-Abelian anyons, which are described by the
Hamiltonian (1.36) with d = 2cos 75 and Ref. [30] which showed that these models enter
random singlet phases when disorder is present. In particular, I will present a numerical
study of the random singlet phases which appear in disordered models (1.36) with arbitrary
value of d, which can be thought of describing a chain of fictitious particles characterized by
quantum dimension d. This picture is useful for visualizing random singlet ground states by

valence-bond states, focusing on the features (see subsection 1.3.3) which are thought to be

the essential characteristics of a random single ground state.

24



The numerical method used in my dissertation is a version of valence-bond Monte Carlo,
which was initially developed for spin-1/2 models [1 1], with some modifications to incorporate
the quantum dimension d # 2. As one of the main results of this work, we have shown that
the modified valence-bond Monte Carlo can be used to study the model (1.36) with arbitrary
d [12]. For justification, various quantities, e.g., ground state energy, triplet state energy,
singlet-triplet energy gap, valence-bond entanglement entropy, bond length distributions,
have been calculated and compared with known exact results [12]. Our results using valence-
bond Monte Carlo also provide numerical verifications [13] for various very recent exact
results, e.g., the so-called valence-bond entanglement entropy and related fluctuations of the
() —state Potts models [11].

Because of the very visual nature of the valence-bond states, valence-bond Monte Carlo
is an ideally suited method for studying the two essential features of a random singlet ground
state. One of the features, the one which implies that valence bonds in a random singlet
ground state can take any length can be probed by the so-called valence-bond entanglement
entropy [15, 16]. The other feature which indicates that valence bonds of a random singlet
ground state are locked into a particular bond configurations, has not previously been studied
by valence-bond Monte Carlo, and is one of the main original contributions of the work
presented in this dissertation.

Specifically, we propose a new quantity, the so-called valence-bond fluctuation, which is
related to the valence-bond entanglement entropy, and is easy to calculate using valence-
bond Monte Carlo. The main advantage of calculating this quantity is that it can be used to
actually “see” and then quantitatively analyze the “locking” of the random singlet ground
states into a particular single valence-bond state on long-length scales [13, 27]. The formation
of the random singlet phases in the limit of no disorder (the uniform chain) can then be
studied quantitatively with the use of this new quantity.

While the present Chapter has set up the models and introduced some of the fundamental
concepts, Chapter 2 describes in detail the valence-bond Monte Carlo method with some
modifications for studying the model (1.36) with arbitrary d. The ground state energy per
site of the uniform chains of non-Abelian anyons are also calculated and compared to exact
results by Bethe ansatz as evidence for the applicability of the modified valence-bond Monte
Carlo. In Chapter 3, we discuss the concept of von Neumann entanglement entropy and

calculate a related quantity, the so-called valence-bond entanglement entropy. This quantity
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has initially been introduced for spin-1/2 systems [15, 10], but can be straightforwardly
generalized for the model (1.36) with arbitrary d. Results in this chapter are compared with
various known results by other methods [25, 29, 30, 141] and provide evidence for the random
singlet phases associated with the corresponding random models. Valence-bond fluctuation,
the new quantity which can be used as a new approach to study random singlet phases, is
introduced and calculated in Chapter 4. The fluctuation length scale, the length scale that
is relevant to the bond fluctuations of the ground state of the model (1.36) is also introduced
and discussed in some detail. The dissertation is completed with an Appendix A for the

proofs of some basic results used in our dissertation.
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CHAPTER 2

VALENCE-BOND MONTE CARLO

The present chapter describes the valence-bond Monte Carlo simulation method, the
numerical method which is proved to be ideally suited for studying random singlet phases.
Valence-bond Monte Carlo is a projection Monte Carlo method, initially introduced to sample
singlet ground states of spin models (for which the quantum dimension introduced in Chapter
1 is d = 2) directly from the valence-bond basis. By introducing some suitable modifications,
the version of valence-bond Monte Carlo described in this chapter can be directly applied to
the models (1.36) with arbitrary d. This chapter begins with a presentation of the key idea
of how to project out the ground state of a given Hamiltonian from a starting trial state.
This is followed by a description of a detailed procedure for applying such a projection to
simulate the model (1.36) with arbitrary d. To test the method, section 2.3 presents some
numerical calculations which have been done to compare with known results calculated by
other methods. The excellent agreement observed in section 2.3 implies that valence-bond
Monte Carlo can indeed be used for simulations of the model (1.36) with arbitrary d. This
sets the stage for my work on the random singlet phases in disordered models, presented in

Chapters 3 and 4.
2.1 Ground state projection

The valence-bond Monte Carlo method, which was introduced by Sandvik in 2005 [11], is
basically a projection Monte Carlo method that samples the ground state of spin models
directly from valence-bond basis. Various models, for example, in Refs. [14, 12, 43, 45, 16,

, 18], have been studied using valence-bond Monte Carlo, showing its advantages in some
certain ways over traditional Monte Carlo methods.

The idea of valence-bond Monte Carlo is that starting from a given initial valence-bond
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state |Sp) one can operate (—H)™ with n — oo on |Sp) to project out the ground state |0)
of the model. The key here is that because |Sp) is a non-crossing valence-bond state, its
overlap with the ground state |0) is always non-zero so this idea works with any initial state
|So). In describing the method in more a detailed way, assume that the initial state |Sy) can

be written in terms of the energy eigenstates |E;) as
|So0) = ZC’L|E’L> (2.1)

Because (Sp|0) # 0, the coefficient Cj is guaranteed to be non-zero. With this expansion,
the action of (—H)™ on |Sp) is

H'IS) = S CIELE) = 1Bl 3|

In the system described by the Hamiltonian (1.13), the ground state energy Ejy has the

’ |E;) (2.2)

largest magnitude, thus the quantity |E;/Ey| < 1 for all i > 0. In the limit n — oo, all the
terms with ¢ > 0 of (2.2) becomes small and can be completely negligible, thus the ground
state |0) = |Ey) is obtained

lim (—H)"[Sy) ~ [0) (2.3)

n—oo
The value of n, which is called in this dissertation the power number, according to Eq. (2.3),
must be chosen so that |E;/Ey|" < 1. While there are some choice of n in earlier studies,

for example in Ref. [15] n/N = 10, in our work n/N is chosen up to 80.

2.2 Valence-bond Monte Carlo

2.2.1 Ground state sampling

For using the idea of ground state projection method described in section 2.1 to sample the
ground state |0) directly from the valence-bond basis, we start from the expression (1.36)

for the Hamiltonian H, thus

(—H)"|So) = Jil < i, 10, - T3 [S) (2.4)
where the summation is taken over all the possible permutations (i1,--- ,i,) (note that
ij = 1,--- N for j = 1,--- ,n) and |Sp) is an arbitrary initial valence-bond state. The
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central equation (2.3) of valence-bond Monte Carlo now becomes

Tiy e Jy, I - TI9 [Sg) = > w(a)|a) ~ [0). (2.5)

(i1, in) a

It can be seen that in the Eq. (2.5) we use the propagation described by

Jiy oo J; H?l e H?n|50> = w(a)|a) (2.6)

n

in which |a) is the valence-bond state resulting from the propagation of |Sy) through the
sequence of singlet projection operators II{ ---II) and w(w) is the corresponding weight
factor. Both of them can be determined following a simple procedure, based on the Egs.
(1.16) and (1.17) and the Figure 1.7. While the resulting valence-bond state |«) is determined
by the bond reorganizations shown by these equations and on the Figure 1.7, the weight factor
w(a) is given by

w(a) = H (J;,wi,) (2.7)

j=1

where w;; is the factor resulting from the action of ng on the valence-bond state obtained

by applying IT)  ---TI? on |Sp). According to Eqs. (1.16) and (1.17), w;, is either 1 or 1/d.

Li+1 in

2.2.2 Sampling procedure: a diagrammatic illustration

A diagrammatic illustration of the procedure is shown on the figure 2.1, which is taken from
Ref. [12]. On two (top and bottom) diagrams of the Figure 2.1, examples for the propagations
of a given valence-bond state |Sp) through two particular sequences IIY, - - - TI9 of six singlet
projection operators are illustrated. These diagrams provide a simple procedure to determine
the resulting state |a) and its corresponding weight factor w(«). While the resulting state |a)
is determined by the open loops which terminate at the top of the diagrams, the weight factor
is just the product of J;, - - - J;, with the factors listed on the right of each diagram. Each of
these factors is either 1 or 1/d, depending on whether the corresponding projection operator,
listed on the left of each diagram, forms a closed loop or not. For example, the weight factor
w(ay) = JsJgJoJiiJoJsd™ for the top diagram while w(aw) = J5JgJyJi1JoJsd™3 for the
bottom diagram of the Figure 2.1.

The top and bottom diagrams on the Figure 2.1 can be viewed as the “before” and

“after” pictures of a single Monte Carlo update in which the third projection operator from
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Figure 2.1: (Top) a diagrammatic representation of the action of a sequences of singlet
projection operators on a given starting valence-bond state. The singlet projection operators
act on the initial valence-bond state in a sequence. The resulting state |«;) and the weight
factor w(ay) are determined using the rules described in section 1.2.5. (Bottom) resulting
state |az) and the weight factor w(as) when the third operator in the sequence on the top
panel of this figure, which is I1}, is updated by IIJ (see the red arrows and circles). This
update is accepted or rejected according to the usual Metropolis-Hastings algorithm.
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the bottom is shifted from TI9 to IT§ (see the red circles shown on Figure 2.1). The weight
factors w(ay) and w(q,.) which correspond to the states |o;) and |q,.) are then used when
implementing the Metropolis-Hastings [19, 50] algorithm to decide if the state |a..) is accepted
or rejected, or more precisely, the sequence TTJTIIISIIY, TISTTY is accepted or rejected. In
particular, having w(a;) and w(ay), one accepts the new state |ag) with the probability

e )

w(ay)’

(2.8)

Paccept = min |:

It should be noted here that the quantum dimension d is introduced in this section for
valence-bond Monte Carlo as the modification which allows our version of valence-bond
Monte Carlo to simulate the (1.36) with arbitrary d. This value in the original valence-bond
Monte Carlo [11] is 2, which is the quantum dimension of spins, as discussed on section 1.4.1.
The replacement of 2 by d is originated from the Ref. [30] where the authors formulated the

actions of the singlet projection operators ITY acting on valence-bond states.

2.2.3 Sampling procedures: a summary

The detailed procedure of a valence-bond Monte Carlo simulation, based on the discussion

above, can be sumerized as follow:

1. Choose an initial valence-bond state |Sp) (see the section 2.2.4) and a sequence of n

singlet projection operators (ITY,---  T12).

2. Propagate the initial state |Sp) through the sequence (T19,--- ,11%) to determine the
resulting state |a) and its corresponding weight factor w(«), using the procedure

illustrated on Figure 2.1.

3. Randomly choose a singlet projection operator H?, j € [1,n] and assign an random
value between 1 and N to it. We now have a trial sequence of singlet projection

operators.

4. Propagate the initial state |Sp) through the t¢rial sequence of singlet projection
operators to determine the resulting state |o@’) and its corresponding weight factor

w(a).

5. Randomly generate a real number r uniformly distributed in [0, 1) and compare it with

Paccept = min |:w(al) 1i| .

w(@)?
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6. If Pyccept > 7, accept the trial sequence of singlet projection operators. Otherwise, i.e.,

P,ccept < 1, Teject the trial sequence.

7. Repeat the steps 2 — 6, and measure when the equilibration is reached.

2.2.4 Initial valence-bond state

As mentioned above, because the overlap of any two valence-bond states is non-zero, in
principle, valence-bond Monte Carlo works with any initial state |Sy). However, the efficiency
of a valence-bond Monte Carlo simulation can be much better if a good initial state |Sy) is
selected. A good initial state |Sp) is the state which maximize its overlap with the ground
state |0), i.e., the quantity (Sp|0) should be as closed to 1 as possible.

Starting from the above criteria for a good initial valence-bond state |Sy), it is clear that
|So) must be chosen depending on whether the models are uniform or random. For random
chains with a given disorder realization, i.e., a given set of the couplings Ji,---,Jy, as
discussed in the section 1.3.2, the valence-bond state obtained by the decimation procedure
is a good approximation of the ground state |0), especially in the limit of strong disorder [10)].
Therefore, for each disorder realization of a random model, this valence-bond state should
be chosen as the initial state |Sy). However, the decimation procedure does not applicable in
uniform models. There are several ways to choose the initial state |Sp), e.g., the amplitude-
product state [15, 51]. In our work, a random non-crossing valence-bond state is used as the

initial state |Sp).

2.2.5 Sampling average

The valence-bond Monte Carlo method described above allows for sampling the ground state

of a models with arbitrary d. Given an observable O which takes the values

Ofa) = 121910 (2.9

(ala)

in a non-crossing valence-bond states |a), valence-bond Monte Carlo can be used to compute

the weighted average

O)y=-"2>— (2.10)



for any state |0) of the form (2.5), provided w(«) > 0, (angle brackets will always denote
this average in what follows). While (O) is not the usual quantum mechanical expectation
value of the observable O, both because of the nonorthogonality of valence-bond states and
the fact that the weight factors used in the averaging are amplitudes and not probabilities,

it is a well-defined quantity.

2.3 Method benchmarks

While the valence-bond Monte Carlo method is developed for spin-1/2 systems with d = 2,
it is desirable to verify that the modified version described in the above section can be used
for any value of d. For a justification, we use this method to calculate some quantities and

then compare the obtained data with various known results using other methods.

2.3.1 Ground state energy

The ground state energy FEj of the model (1.36) is one of the quantities which is easily
computed using valence-bond Monte Carlo. In this section, we use valence-bond Monte
Carlo to calculate the ground state energy per site Ey/N of the uniform (J; = J) model
(1.36) as a function of quantum dimension d. The procedure given in [1] to calculate Ey/N
for spin-1/2 systems can be trivially generalized [12] for arbitrary d. On each valence-bond

state |a), one first calculate a quantity e(a) by

e(a) = Zwi(a) (2.11)

where w;(«) is determined by

(2.12)

1 (i,i+ 1) if 4,7 are in a singlet
wi(la) =< 1

p if 7,7 are not in a singlet.

Given that e(«) is determined, the ground state energy per site Ey/N is then calculated by

average €(«) over o) with the corresponding weight w(a):
> w(ae(w)

Ey(N) = —J 2.
(NV) S w(@)

(2.13)
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On the other hand, the ground state energies of the uniform version (.J; = J) of the models
(1.36) can be found exactly. This can be done by noting that for any d, the Temperley-Lieb

operators U; can be represented using spin-1/2 operators as [38]

1 [ a2
Uy =2(S7SY,, +8YSY,) +d (Z — S;Sfﬂ) +i\[1-7 (S —S7) . (2.14)

For the case of open boundary conditions the models (1.36) can then be mapped onto spin-
1/2 XXZ chains with external (non-Hermitian) fields applied to the two ends (the staggered
field term in the expression for U; cancels in the “bulk” of the chain). In the thermodynamic
limit, the ground state energies will not depend on boundary conditions, and the values
of Ey for the models (1.36) with periodic boundary conditions should be the same as that
for the corresponding XXZ7 models. Consequently, one can straightforwardly generalize the
expression for the ground state energies of the XXZ models found using Bethe ansatz by
Yang and Yang [52, 53] to obtain the following expression for the ground energies of the
models (1.36),

li =
=

Eo(N) d*—4 /°° sech(mx) (2.15)

—o cosh (2x arccos g) — g'

The formula (2.15) returns —In2 = —0.69315--- for J = 1 and d = 2. This value is the
ground state energy per site of the spin-1/2 Heisenberg chain shifted by i from the exact
value ?1 —In 2 obtained by Hulthén using the Bethe ansatz [1, 5, 51], by Lanczos calculations
(55, 50] as well as other numerical methods [57, 58]. The shift of % is originated from the
definition of the singlet projection operator (1.12).

The ground state energy per site Fo(N)/N estimated by Eq. (2.13) is a function of the
chain size N, and should agree with the formula (2.15) when N — oco. Depicted on the figure
2.2 are the valence-bond Monte Carlo results for Ey(/N)/N (in unit of J) of the uniform chain
of anyons with d = V2, d = %(\/5 + 1), and d = 2, which correspond to k = 2, k = 3 and
k — oo, respectively. The exact values of Ey(N)/N in the limit N — oo given by the formula
(2.15) are also shown by the dashed lines. Figure 2.2 shows that the ground state energy
Es(N)/N converges very quickly to the exact values for Ey(N)/N as N increases. We have
also found that within the error bars, the results by valence-bond Monte Carlo simulations

shown on the Figure 2.2 are consistent with those calculated by other methods in the Refs.

[ ) ) ) ]
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The ground state energy per site Fo(N)/N of a chain of interacting anyons calculated
by valence-bond Monte Carlo as a function of d is depicted on Figure 2.3 in unit of J.
Specific values of the quantum dimension d used for my calculations are d = 2 cos 75 with
k=23,4,5,6,8,10,15 and co. The chain size is N = 128, which, as shown on the Figure
2.2, is large enough for Ey(N)/N to converge to the exact values in the thermodynamic limit.
The exact value for Ey(N)/N given in Eq. (2.15) is shown on this figure by the red line.
The power number is chosen to be n = 20N. Although the chain size N = 128 is not large,
the agreement between the numerical results for N = 128 and the exact result for N — oo

is remarkable for all the values of d, implying that the valence-bond Monte Carlo method

can indeed be used for the model (1.36) with any d [12].

2.3.2 Triplet state simulations

Valence-bond Monte Carlo can be used to calculate not only the ground state energy but also
the m, = 0 triplet state energy of the model (1.36). A unique advantage of the valence-bond
basis is that the triplet state |1) can be projected out simultaneously with the singlet ground
state |0) [14, 59]. Therefore, for another benchmark of the method, I use valence-bond Monte
Carlo to calculate E1(N)/N, the triplet state energy per site and AFE(N), the singlet-triplet
gap of the uniform spin-1/2 AFM Heisenberg chain and compare the obtained results with
those from other calculations.

The singlet ground state |0) of a spin-1/2 AFM Heisenberg chain can be viewed as a
superposition of valence-bond states |«), each of which has N/2 singlet bonds. In the first
m, = 0 triplet state |1), excitations break one of the singlet bonds in |0) and promote it to the
triplet state \/LQ (| ) + ] 41)). In the thermodynamic limit, the uniform spin-1/2 Heisenberg
AFM chain is gapless, i.e., the singlet-triplet gap AE between |0) and |1) vanishes [3, 1].
For a chain with finite size IV, the singlet-triplet gap AE(N) is, however, non-zero and it
scales as 1/N when N — co.

A technique usually employed to calculated E;(N) and AE(N) of a spin-1/2 AFM
Heisenberg chain is the Lanczos exact diagonalization algorithm, which gives several lowest
eigenvalues of the Hamiltonian to high accuracy. Calculations using this technique can be
easily found elsewhere, for example, in Refs. [60, G1]. Because the Lanczos technique has
to store a number of requirements which is comparable to the dimensionality of the Hilbert

space, it is not easy to use this technique for a sufficiently large chain. Some versions of
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Monte Carlo simulation were used for calculating (V) and AE(N), as can be found in the
Refs. [57, 58].

The m, = 0 triplet state, similar to the singlet ground state, can be expanded as:
1) = 3 w(@®)at) (2.16)
a®

where o)) is a “valence-bond state” with one of N/2 bonds is the m, = 0 triplet
my _ 1

t. . = —

1) =

while w(a®) is the corresponding weight factor which can be determined in a simple way as

(I Tids) + [iT)) (2.17)

shown below.

The actions of a singlet projection operator II? on a valence-bond state which has one
triplet bond can be described by a rule like that described in Eqgs. (1.16) and (1.17). If we,
for convenience, denote the triplet state |t§]1)> as [4, j], and a valence-bond state which has

one triplet bond by |---[i,j]---), the rule can be shown as:
H?|---[i,i+1]--->=0,
O] (it 1)) =] (d,id+ 1)) (2.18)

H?|---[i,j]---(i+1,k)---) :%|(1al+1)[]7k]>

Note that in this subsection we calculated Ej(N) and AFE(N) only for uniform spin-1/2
AFM Heisenberg chains with d = 2, the factor 1/d is replaced by 1/2 in Eq. (2.18). Thus,
on one hand, the action of TI? on a valence-bond state destroys it if the spins at sites ¢ and
1+ 1 are in a triplet. On the other hand, if spins at sites ¢ and ¢ + 1 are not in a triplet,
the state survives and the valence bonds are reorganized in the same fashion as described
in Egs. (1.16) and (1.17). More important, the matrix elements remains the same as in the
case of valence-bond states with all singlet bonds. This feature is crucial for carrying out a
simulation for the triplet state at the same time with the simulation with the singlet ground
state.

As described in the section (2.2), an initial valence-bond state |.Sp) is chosen and this state
is then propagated through a sequence of singlet projection operators H?l e H?n to determine
the valence-bond state |a) and its amplitude w(a) in the ground state. A simulation of the

triplet state is carried out simultaneously with that of the singlet ground state by marking one
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of the N/2 valence bonds in |Sy) as a triplet. Being propagated by the sequence II{ ---IIY
the surviving resulting states are denoted by |a®) with the corresponding non-zero amplitude
by w(a®).

The bond configurations of the resulting states |oY) and |a) corresponding to a given
sequence of singlet projection operators H?l . -H?n are identical. While all the bonds of |«)
are singlet, one of the bonds of ]a(t)) is triplet, and its position can be easily determined by
keeping track the position of the triplet bond of |Sy) when propagating through II{ ---IIY .
During the process of determining |a®) by operating II? ---IIY on |Sp), when a singlet
projection operator operates on a triplet bond, the weight factor w(a®) is set to be zero,
implying that the valence-bond state |a(¥) has no contribution to the triplet state |1).
Typically, most of the times w(a®) = 0 but, depending on the power number n, there
is also a given probability for it to be non-zero. The triplet state |1) can therefore be
sampled by the surviving states |a®) which correspond to non-zero amplitudes w(a®) # 0.

Having obtained the surviving states |a®), similar to the calculations of the ground state,

one calculates the quantity e(a(®)) for estimating the excited state energy Ei(N) by

e(a®) = Zwi(a(t)) (2.19)

where w; (") is given by

1 if (4,4 1) are in a singlet
wi(a) =< 0 if (i,i+ 1) are in a triplet (2.20)
% otherwise.

By doing an weighted average over all the possible states £(a), one can estimate the triplet

state energy E1(N) by

w(a®)e(a)
Ey(N) _az(; )

J Y w(a®)
a®)

Having the excited state energy Fi(N) calculated, the finite-size gap AFE(N) can be

(2.21)

determined by
AE(N) = E{(N) — Ey(N). (2.22)

Following the procedures discussed above, valence-bond Monte Carlo simulations were

done on uniform spin-1/2 AFM Heisenberg chains of up to N = 128 with the power number
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Table 2.1: Triplet state energy per bond E;(N)/N of the uniform spin-1/2 AFM Heisenberg
chain for various chain size N. Results from the Lanczos technique were calculated up
to N = 20 spins while those for N > 20 were extrapolated and marked by asterisks.
Calculations from a conventional Monte Carlo simulation was done for chains of up to
N = 48 spins. For comparison, the triplet state energy FE)(N) for the uniform chains of
up to N = 128 sites was calculated using valence-bond Monte Carlo. Results are given here
in unit of J; = J.

N | Lanczos [60, 61] | Monte Carlo [58] | VB Monte Carlo
6 -0.6030 -0.6023(4) —0.60281 £ 0.00030
8 -0.6411 -0.6403(5) —0.64107 £+ 0.00019
10 -0.6592 -0.6589(5) —0.65908 4= 0.00017
12 -0.6693 -0.6685(6) —0.66910 £ 0.00013
14 -0.6755 -0.6746(5) —0.67558 £ 0.00011
16 -0.6795 -0.6786(8) —0.67938 £+ 0.00008
20 -0.6843 -0.6831(5) —0.68430 £ 0.00006
24 -0.6870* -0.6860(6) —0.68692 £ 0.00005
32 -0.6897* -0.6887(8) —0.68957 4= 0.00007
40 -0.6909* -0.6897(9) —0.69088 4= 0.00005
48 -0.6916* -0.6900(9) —0.69162 £+ 0.00004
64 —0.69227 £+ 0.00004
96 —0.69272 £+ 0.00003
128 —0.69293 4= 0.00004

up to n = 30N. Note that for small chain sizes like N < 16, the power number n may be as
small as n = 6N for at least one triplet state to survive.

Table 2.1 shows the triplet state energy per site £71(N) calculated by various methods of
a uniform spin-1/2 Heisenberg chain with the chain size N taken from 6 to 128. The triplet
state energies calculated by valence-bond Monte Carlo simulations are shown to agree very
well with those from other methods, e.g., Lanczos exact diagonalization [60, (1], and Monte
Carlo [58].

We now move on to finite-size gap AE(N) calculated using valence-bond Monte Carlo
which is shown on the Table 2.2 in comparison to the results calculated by other methods.
Calculations using Lanczos technique were done on the chains of up to N = 20 sites. Results
for chains of N > 20 sites were obtained by extrapolating the calculated data and marked

by asterisks. Also shown on this table is the results from random walk [57], and Monte Carlo
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Table 2.2: Finite-size gap AE(N) of the uniform spin-1/2 AFM Heisenberg chain for various
chain size N. Results from the Lanczos technique were calculated up to N = 20 sites while
those for N > 20 were extrapolated and marked by asterisks. Calculations from two Monte
Carlo simulations were done for chains of up to N = 48 sites. For comparison, the finite-size
gap AFE(N) for chains of up to N = 128 sites was calculated using valence-bond Monte
Carlo. Results are given here in unit of J; = J.

N | Lanczos [60, 61] | Random walk [57] | Monte Carlo [58] | VB Monte Carlo
6 0.6847 0.6854 £ 0.0020 0.683(5) 0.6863 = 0.0019
8 0.5227 0.5236 + 0.0046 0.522(11) 0.5219 +£ 0.0016
10 0.4232 0.4247 £ 0.0062 0.419(10) 0.4248 £ 0.0018
12 0.3558 0.345 £ 0.012 0.366(10) 0.3582 = 0.0016
14 0.3071 0.319 £0.013 0.312(11) 0.3052 = 0.0015
16 0.2702 0.273 £ 0.004 0.270(19) 0.2720 = 0.0013
20 0.217 0.220 £ 0.006 0.232(24) 0.2186 + 0.0010
24 0.182%* 0.189 £ 0.008 0.199(20) 0.1832 + 0.0010
32 0.137* 0.164 £ 0.017 0.17(5) 0.1384 £ 0.0019
40 0.110* 0.166 £ 0.026 0.13(5) 0.1108 = 0.0015
48 0.092* 0.132 £0.038 0.13(8) 0.0914 £ 0.0013
64 0.0686 + 0.0011
96 0.0448 £+ 0.0008
128 0.0335 £ 0.0022

simulations, which were done for chains of up to N = 48 sites [55].

The result for AE(N) we obtained from valence-bond Monte Carlo is shown on the Table
(2.2) to be in an excellent agreement with that from Lanczos calculations. The results from
valence-bond Monte Carlo have some advantages over the other methods [57, 58] in the sense

that our result agrees better with those from the Lanczos calculations.

2.4 Concluding remarks

Two benchmarks for the modified version of valence-bond Monte Carlo described here all
return positive results. For the ground state energy per site Ey(N)/N of chains of anyons
with £ = 2,3,4,5,6,8,10,15 and oo, the result calculated by valence-bond Monte Carlo
agrees very well with the exactly calculated result by Bethe ansatz [52, 53] for the whole
range of d examined (see figure 2.3). This excellent agreement should be regarded as a strong

evidence that the modified valence-bond Monte Carlo method can indeed be used to simulate
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the models (1.36) with arbitrary d [12].

In addition, the triplet excited state energy E;(/N)/N and the finite-size gap AE(N) have
also been calculated with valence-bond Monte Carlo. Results for E;(N)/N and AE(N) are
shown on Table 2.1, and 2.2, respectively. Similar to the case of the ground state energy
Ey/N, calculated results for both Ej(N)/N and AFE(N) are shown to be in very good
agreements with the results previously calculated by other methods. This feature of the
valence-bond Monte Carlo can be used to study other versions of the Heisenberg chain,
for example spin-1/2 alternating Haisenberg chains, in which energy gaps are opened and
capture some recent interests [62, (3].

In conclusion, it has been shown that with modifications, the valence-bond Monte Carlo
method can indeed be used to simulate the model (1.36) with arbitrary d. In the next
chapters, I will use this numerical method to focus on random singlet phases, the interesting

phases appearing as a consequence of disorders in model (1.36) with arbitrary d [10, 30].
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Figure 2.2: Ground state energy per site Eo(/N)/N (in unit of J) as functions of N, the size
of the uniform chains of anyons with d = v/2, 1(v/5 + 1) and 2 which correspond to k = 2,
k =3 and k — oo. Error bars are smaller than the symbol size. The specific values of chain
size taken are N = 6,8, 10,12, 14, 16, 20, 24, 32, 40, 48, 64, 96, 128. Dashed lines represent the
exact results using Bethe ansatz (2.15).
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Figure 2.3: Ground state energy per bond Ey(N)/N (in unit of J) of a uniform chain of
interacting non-Abelian anyons as a function of quantum dimension d. Solid red line is the
exact results using Bethe ansatz (2.15) while blue squares are the results from valence-bond
Monte Carlo calculations for the values of d corresponding to k = 2,3,4,5,6,8,10,15 and
oo. Numerical results are estimated at the chain size N = 128. Error bars are smaller than
the symbol size.
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CHAPTER 3

VALENCE-BOND ENTANGLEMENT ENTROPY

In 2004, Refael and Moore [25] showed that the so-called block entanglement entropy
(a particular example of von Neumann entanglement entropy) in certain random singlet
phases scales logarithmically with block size with a universal coefficient. This work was
generalized by Bonesteel and Yang [30] to the anyon chain models described in Chapter
1 of this dissertation. Unfortunately, von Neumann entanglement is difficult to compute
numerically, however a closely related quantity, the so-called valence-bond entanglement
entropy was introduced by Alet et al. [15], and independently, by Chhajlany et al. [10],
both in 2007. Similar to von Neumann entanglement entropy, valence-bond entanglement
entropy can be used to study the random singlet phase associated with random spin-1/2 AFM
Heisenberg chains, i.e., the model (1.36) with d = 2, and related models. e.g., random chains
of interacting non-Abelian anyons. This chapter begins by introducing the von Neumann
entanglement entropy and block entanglement entropy, the specific quantity which is relevant
to random singlet phases. I then review the concept of valence-bond entanglement entropy,
a quantity which shares some features with block entanglement entropy in studying random
singlet phases. Both block entanglement entropy and valence-bond entanglement entropy,
which are initially introduced for spin-1/2 systems, can all be generalized for the models
(1.36) with arbitrary d. Finally, numerical calculations using valence-bond Monte Carlo for
the valence-bond entanglement entropies and bond length distributions of these models are
carried out and compared with various known results. Discussions on the essential features

of random singlet phases based on these results are also given.
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3.1 von Neumann entanglement entropy

3.1.1 Definition

Entanglement is the property of a quantum system in which the quantum state of any
subsystem is linked to those of the others so that one subsystem can not be adequately
described without full mention of the others. This fundamental concept has been described
for the first time in the context of Einstein-Podolsky-Rosen paradox [64]. Entanglement
plays a central role in the study of strongly correlated quantum systems, since a highly
entangled ground state is at the heart of a large variety of collective quantum phenomena.
Entanglement can also be used for a possible quantum computer in the future [65].

One of the most important concepts that quantifies the entanglement is von Neumann
entanglement entropy. Assume that the quantum system of interest is composed by a
subsystem A and its complement, the subsystem B. In general, there is no way to associate
a pure state to either the subsystem A or B, however, a reduced density matrix can be used
for either A or B. Let |0)(0| be the full density matrix of the whole system, the subsystem A
can be described by the reduced density matrix p4 obtained by tracing out the full density

matrix over the degrees of freedom of the subsystem B:
_ B B
pa =D (&7 10)(01g”) = Trs [0)(0) (3.1)
J
where the summation is taken over the orthonormal basis states |g0§B)) of the Hilbert space

associated with the subsystem B. The von Neumann entanglement entropy of the subsystem

A is then defined as the von Neumann entropy associated with the reduced density matrix

PA
Sa = —Tr[palog, pal. (3.2)

It is straightforward to check that S4 = Sg. Some more information on the von Neumann

entanglement entropy can be found in the Appendix A.2.
3.1.2 Entanglement per bond
Spin singlet

As an example, let us consider a quantum system composed of two spin-1/2 particles in the

singlet state — a pure state. If one spin is taken to be the subsystem A while the other
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spin is taken to be B (see Figure 3.1), one can determine the von Neumann entanglement

entropy S4 or Sp according to the definition in Eq. (3.2).

>

A B

Figure 3.1: A system of two spin-1/2 particles forming a singlet state which can be
decomposed into two regions A and B and then the von Neumann entanglement entropy can
be determined.

Starting from the singlet state
1
V2

the spectral decomposition of the reduced density matrix can then be obtained as:

|5) (I Tads) = | ats)), (3.3)

pa=g (1000 | +] Lad (b ). (34

From the spectral decomposition (3.4), the von Neumann entanglement entropy S4 defined

in (3.2) is determined in terms of Schmidt coefficients (see the Appendix A.2) as:

Su=— B log, (%) + %10g2 (%)} .y (3.5)

Finally, the entanglement per bond for the case of spin-1/2 singlet is
Sbhona = 1. (3.6)
Anyonic singlet

The concept of von Neumann entanglement entropy can be straightforwardly generalized to
a system of interacting anyons, as did in the Ref. [30], where the entanglement per anyonic
singlet bond is calculated asymptotically. The calculation was carried out on a state |a) of
2N anyons, which form A singlets. The subsystem A is chosen to include A/ anyons at the
ends of N singlet bonds, while its complement is the other A/ ends of these bonds. For a
detailed illustration of this state, see the Figure 3.2 which is taken from the Ref. [30].
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Figure 3.2: A state |a) of 2N anyons which pair up to A singlets. The subsystem A is taken
to include A ends of the N singlet bonds.

Following the standard procedure for calculating von Neuman entanglement entropy, the

T

w3, the quantum

corresponding Schmidt coefficients are determined in terms of d = 2 cos
dimension of the anyons. At the final, one finds the following asymptotic result in the limit
of N' = oo [30]

Sk~ Mlog, d, (3.7)

so the entanglement per anyonic singlet bond is given asymptotically as [30]
Shond = log, d. (3.8)

Throughout this dissertation, inspired by this result, the entanglement per bond for the case
of arbitrary d is also taken to be log, d. For spin-1/2 models with d = 2, Syonqa = 1 which is
consistent with the entanglement per bond determined by Eq. (3.6).

3.1.3 Block entanglement entropy

Block entanglement entropy Sz, of a chain of, either spins or anyons, is defined as the von
Neumann entanglement entropy of a given block of L contiguous sites with the rest of the
chain. An illustration for the geometry of the definition is given on the Figure 3.3, where
the (dark) green block of L = 5 sites is regarded as the subsystem A while the rest of the
chain is the subsystem B.

Recently the scaling of the block entanglement entropy S7 of quantum spin chains at
quantum critical points, at which the length scale over which different spins are entangled,

diverges, has been of special interest. One of many reasons is that the universal scaling law
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Figure 3.3: An illustration for a block A of L. = 5 contiguous spins embedded in a spin chain.
The complement of the block (subsystem) A is defined as the subsystem B for calculating
the block entanglement entropy.

of random chains [25] is different from that of the uniform chain [66, 67], so one can use it

as a signature of the random singlet phase associated with random chains.

Uniform chain and the central charge

The block entanglement Sy, of the uniform spin-1/2 AFM Heisenberg chain at the quantum
critical point obeys an universal scaling law which is related to the central charge of the
corresponding conformal field theory [66, 67, 63]. A comprehensive derivation of S, using
conformal field theory and the second law of thermodynamics is out of the scope of this

dissertation, and can be found in the Ref. [67] by Korepin. The final result is

SnglnL—l—C (3.9)

where ¢ is the central charge of the corresponding conformal field theory and C is a non-
universal constant. In this dissertation, C is always used for non-universal constants of scaling
laws, of which (3.9) is an example.

For the uniform spin-1/2 AFM Heisenberg chain, the central charge ¢ = 1. The central

T

w3, which are also

charge of the uniform chains of interacting anyons with d = 2cos

conformally invariant, is given by [29]

6
Czl_(k+1)(k+2)' (3.10)

It is worth to check that in the limit & — oo, the central charge determined by Eq. (3.10)
is 1, which is consistent with that of the uniform spin-1/2 AFM Heisenberg chain. Another
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special case is the chain of anyons with & = 2 in which the model (1.36) corresponds to the
transverse field Ising model. The central charge determined by Eq. (3.10) is 1/2, which is

equal to the known value of the central charge of the uniform transverse field Ising model

[06].

Random chains and effective central charge

Disorders in the model (1.36) has many interesting effects on the block entanglement entropy
[69]. Different from the uniform chain, random chains have no conformal symmetry, thus one
can not derive the block entanglement entropy S; from the corresponding conformal field
theory. Instead, using the real-space RG analysis, this quantity has been derived for the first
time by Refael and Moore [25] for critical random spin-1/2 AFM Heisenberg chains, and
was then generalized for random chains of interacting anyons [30]. The following derivation,

which is taken from Ref. [25], is essentially for random spin-1/2 AFM Heisenberg chains.

v e e o T o e ¢

Figure 3.4: The random singlet ground state of a random chain. Given a block A of L =7
sites, the number of bonds ny, leaving the block is determined to be ny = 3 so in this state,
the block entanglement entropy is Sy, = ny log, d = 2log,,.

The starting point of the derivation of S; for random chains is the approximated
ground state obtained by the real-space RG analysis and the fixed point distribution (1.29).
As discussed in the section 1.3.2, the random singlet ground state of a random chain is
approximated by a single valence-bond state, which can be written in the form of (1.8) so
the block entanglement Sy, of a given block A of size L (see Figure 3.4) can be determined
in a very simple way:

Sa=nglog,d (3.11)

where ny, is the number of valence bond crossing the ends of the block A. A proof for this

formula can be found in the Appendix A.2.
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Having determined the block entanglement entropy for a given random realization of
disorder by such an easy procedure described above, one average them over many random

realizations of disorder to find the final result [25, 30]:
Sy = 7z log, d, (3.12)

where the overbar denote a disorder average.

In order to estimate mp, one finds the element of the number of couplings decimated
when the energy scale 2 (define in section 1.3.2) is lowered an amount of d©2 as Q@ — Q — dQ2
or, equivalently, I' — I' + dI". During this process, all the couplings with 0 < § < dI" are
decimated and the corresponding singlet bonds are created. The element dv of the average

number of singlet bonds created, therefore, is
dv = P(f =0)dl' = — (3.13)

which leads to
v=Inl. (3.14)

It should be emphasized here that among the 7 singlet bonds created, only the bonds with
length up to L contribute to ny. Therefore, in order to estimate ny, we should count only

the bond up to the length L = I'?, so
ng ~ In L. (3.15)

More detailed analysis, which can be found in the Refs. [25, 30], found that the pre-
factor of this logarithmic scaling is 1/3. Therefore, the block entanglement entropy Sy of

the critical random chains depends on the block size L is

S = %logQL%—C (3.16)
where C is, again, a non-universal constant. This very interesting result reveals that although
the critical random chains have no conformal invariance, the block entanglement entropy
scales logarithmically with the block length L in the same fashion with that of the uniform
chain (3.9). Therefore, the pre-factor 2% in the Eq. (3.16) is said to be connected to the
so-called “effective” central charge ¢ defined as

¢=Ind (3.17)
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so that

Sy = glogQ L+cC. (3.18)

The result (3.18) for random spin-1/2 AFM Heisenberg chains has been confirmed numeri-
cally by several methods, for example, by exact diagonalization in Ref. [70]. We note that
the effective central charge In d is always less than the central charge c = 1—6/(k+1)(k+2).
This is not always true, e.g., Santachiara [71] has shown that for the parafermionic Potts
models for n > 42, the central charge of the uniform model is smaller than that of the
random model.

The different between the central charge ¢ determined in Eq. (3.10) of the uniform models
and the effective central charge ¢ given in Eq. (3.17) of the corresponding random models

can be used as a signature of the relevant random singlet phases [25, 30)].

3.2 Valence-bond entanglement entropy

3.2.1 Definitions

Inspired by the idea of calculating the block entanglement entropy for random spin-1/2 AFM
Heisenberg chains in the Ref. [25], a new quantity called valence-bond entanglement entropy
has been introduced for both uniform and random spin-1/2 AFM Heisenberg chains by Alet
et al. [15] and independently, by Chhajlany et al. [16], both in 2007. The advantage of this
quantity is that it can be easily calculated using valence-bond Monte Carlo, by which one
samples the ground state of the model from the valence-bond basis. This quantity, like the
block entanglement entropy, scales logarithmically with the block length L and can be used
in studying the random singlet phase.

Assume that we are considering a given block A of size L, i.e., it has L sites, as illustrated
on the Figure 3.4. In a given valence-bond state |a), the quantity ny(«) is defined as the
number of valence bonds, each of which connects a site in the block A and a site which is
not in block A. This implies that these valence bonds cross the ends of the block A, thus nj,
is the number of valence bonds crossing the ends of the block. In the example shown on the
Figure 3.4, nz(a) = 3 since there are 3 valence bonds crossing the ends of the block A.

It is recalled that in valence-bond Monte Carlo, the ground state of a chain can be sample
from the basis of valence-bond states. Therefore, the number of bonds ny(«) for a given

state |a) is then averaged with the corresponding weight w(«) in the ground state to have
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the weighted average (nr) in the ground state as

> wla)n(@)
(np) = — : (3.19)

> w(a)

(67

From (ny), the valence-bond entanglement entropy is defined as [15, 40]
S = {n), (3.20)

given that the entanglement entropy per bond for the spin-1/2 AFM Heisenberg chains with
d = 2 is log, d = 1. For random chains, in addition to the weighted average over states |a),
one has to do another average over disorders, i.e., average over many random realizations of
Ji, thus

Sy® = (np), (3.21)

where the overbar denotes the disorder average.
As discussed in the section 3.1.2, the asymptotic entanglement entropy per bond with
arbitrary d when N > 1 is log, d, thus one can define the valence-bond entanglement entropy

for the uniform chains as [14, 13]
SYB = (np)log,d (3.22)

and for random chains as

SYB = (ng)log,d. (3.23)

The introduction of the factor log, d in (3.22) and (3.23) is the generalization of the definition
(3.20) and (3.21) for spin-1/2 chains with d = 2. With this generalization, the valence-bond
entanglement entropy S)Y® of model (1.36) with arbitrary d can also be easy to calculate
using valence-bond Monte Carlo.

Because the non-crossing valence-bond basis is complete, the valence-bond entanglement
entropy is a perfectly well-defined quantity [15]. Even in two-dimensional systems when
the valence-bond basis used is over-complete, it has been shown [15] that this quantity is
conserved in any linear combination of the valence-bond state used for the definitions (3.20)
and (3.22). Valence-bond entanglement entropy can also be shown to be well-defined for the

model (1.36) with arbitrary d < 2, with which the valence-bond basis is over-complete.
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While SYB is easy to calculated, it is generally not equal to the block entanglement,
entropy Sy, of uniform and random models determined by Eqs. (3.9) and (3.16), respectively.
The reason here is that for both cases, the ground state of these models is not precisely a
single valence-bond state, the only case in which block entanglement entropy and valence-

bond entanglement entropy are equal.

3.2.2 Bond length distribution

Before closing the section of of valence-bond entanglement entropy S}'®, it is noted here that
this quantity is closely related to the bond-length distribution, P(l), for valence bonds. A
valence bond connecting site ¢ and site j is said to have a length | = |i — j|). By defining
bi(«) as the number of bonds with length [ in the state |a) and (b;) is the weighted average
of ()

> w(@)bi(@)

(br) = — : (3.24)
> w(@)
the bond length distribution P(l) is defined by
P(l) = ——(by) (3.25)
— N/2 /- .
Note that P(I) = 0 for even | because there is no bond with even length in a non-

crossing valence-bond state. Bond length distribution, as named, provides information of
the probability distribution of the bond length in the ground state of the model. This
distribution is interesting in our work because its power-law dependence on [ is useful in
showing that valence bonds with any length exist in a certain ground state of either the
uniform chain or a random chain.
It is readily shown [72] that P(I) is related to S}'B by
N/2
Sy® =2logyd Y P(l)min(l, L). (3.26)
=1
This relation is useful when one has to determine the scaling of P(I) form the scaling of S}'?
and vice versa.
Defined by (3.22) and (3.23), valence-bond entanglement entropy of the model (1.36) with

arbitrary d can be easily calculated using valence-bond Monte Carlo. In particular, using the
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modified valence-bond Monte Carlo, one can sample the ground state of this model from the
valence-bond basis. For each sampling state |a), one counts the number ny, of bond crossing
the boundaries of a given block of size L, and then perform the averages described in Egs.
(3.22) and (3.23). At the same time and on the same way, the bond length distribution P(l)
can also be calculated. Detailed discussions on scalings of P([) are given in the next sections

when scalings of SY® can be determined via some methods.

3.3 Valence-bond Monte Carlo results

3.3.1 Uniform model

Valence-bond entanglement entropy

The asymptotic logarithmic scaling of the valence-bond entanglement entropy S)® has been
determined exactly by Jacobsen and Saleur in 2008 [11] using the loop model representation
of the Temperley-Lieb algebra which defines the quantum @ = d*—state Potts models [10].
The averaged value (np) of ny is determined via the correlation function of a pair of the
so-called vertex operators V. which are inserted at two ends of the block of length L. These
operators assign an weight of w for a bond crossing the ends of the block, but an weight of
V/Qy (defined in (3.30)) for the bonds which do not cross the ends. The correlation function

is then determined as [11]

Z dMoops (\/@)N/Q_annL
(Vo (0O)V_(L)) = < o [Hwd), (3.27)

S o (/@) M2

C

where the sums over C' taken over the possible loop configurations is equivalent to the

weighted average taken over sampling states |«) with the weight

w(a) = dMeor (\/Q) V7. (3.28)

In the Eqgs. (3.27) and (3.28), nyeeps is the number of closed loops appearing on the diagram
of the representation of the algebra. In addition,

4 arccos®(w/2) — arccos?(d/2)
472[1 — (arccos(d/2)) /]

h(w,d) = (3.29)

and
Qy=2+d. (3.30)
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The quantity (nz) can be extracted from the correlation function (V. (0)V_(L)) by operating
w2 on both sides of (3.27) and then set w = \/Q, = v2+d. The left hand side thus

becomes

Z ([Moops (@)Nﬂ—mwm Z (JMoops (\/@)N/QnL

wi ¢ =< = (ng) (3.31)
aw Z dnloops( /Qb)N/Q Z dnloops( /Qb>N/2
C w0} C
Operating wa% on the right hand side yields
9 on(wa) —oh(wd) O
w—1L ’ = (wL Y — [-2h(w, d)] InL. (3.32)
dw o dw w=vTy

None that h(w,d) = 0 when w = /Qp so L~2M®4 = 1. From the results (3.31) and (3.32),
the valence-bond entanglement entropy S}® which is defined to be (np)log,d can now be

written as [11]

SYB — %mgQ L+, (3.33)

where the coefficient ¢; is given by [11]

_ 6Ind [2+d arccos(d/2)
AT Ve Tan— arccos(d/2) (3:34)

It can be verified that ¢; is generally not equal to the “true” central charge ¢ =1 —6/(k +

1)(k+2) as determined by Eq. (3.10), implying that the valence-bond entanglement entropy
SYB is indeed different from the block entanglement entropy Sy, as expected. In particular, for
d=2,c =12In2/7? ~ 0.843, showing that S)B is considerably smaller than Sy, with ¢ = 1.
For d = /2, ¢; ~ 0.533, slightly larger than the central charge ¢ = 0.5 determined from
Eq. (3.10), which is the central charge of the transverse field Ising model [66]. Whereas this
difference can be expected from the qualitative discussion connecting with the superposition
of valence-bond states and can be calculated exactly by mapping the ()—state Potts model
onto the Temperley-Lieb algebra, it is definitely desirable to have a numerical confirmation
for the exact asymptotic scaling given in Eq. (3.33).

We have calculated, using valence-bond Monte Carlo, the valence-bond entanglement
entropy S)YP of the uniform chain described by (1.36) with d = 2, d = 1(v/5 + 1) and
d = /2. Note that the chain with these values of d corresponds to the spin-1/2 AFM

Heisenberg chain, the golden chain, and the transverse field Ising model, respectively. For
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an independent simulation, a non-crossing valence-bond state was generated stochastically
and was then used as the initial state |Sp). Other detailed parameters are the chain size
N = 1024, the power number n = 20N, the value I found to be large enough for random
non-crossing initial valence-bond state |Sp). Results shown here are obtained by averaging

over 50 independent simulations.

Figure 3.5: Conformal distance L¢, the concept which is introduced to minimize finite-size
effect. For a chain of N sites and the periodic boundary condition, the conformal distance
of a block of L sites in the chain is given by Lo = N/msin(nL/N).

Semi-log plots for valence-bond entanglement entropy Sy B as functions of L are depicted
on the Figures 3.6, 3.7, and 3.8, for the model (1.36) with d =2, d = $(v/5+1) and d = V2,

respectively. Here
N L
Lo =~ sin <7T—> (3.35)

T N

is the so-called block conformal length which we use to minimize the finite size effect when
L is nearly equal to N/2, a half of the system size (see Figure 3.5 for an illustration of L¢).
Also shown on these figures are the exact asymptotic scalings of S}® determined by Eq.
(3.33) with the coefficient ¢; given by Eq. (3.34). The constant C is adjusted for the best fit
for the calculated data.

In the scaling regime 1 < L < N/2, our data agrees very well with the exact asymptotic
scaling (3.33) [11], especially for d = $(v/5+1) and d = v/2. The agreement for d = 2 is not
very good because, as will be seen on the Figure 3.19, the finite size effect in this case is quite

strong. In order to observe a better agreement, one has to simulate much bigger chains, as
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pointed out by the Ref. [13]. Historically, ¢; was first claimed to equal ¢ by a simulation of a
small-size uniform chain with N = 128 spins using valence-bond Monte Carlo [15]. However,
this conjecture has quickly been disproved by the Ref. [11]. The finite-size effect for d # 2,
implied by the excellent agreements shown on Figures 3.7, and 3.8, is not strong like that
for d = 2.

Our results, which are shown on the Figures 3.6, 3.7, and 3.8 can be regarded as the first
(and non-trivial) numerical confirmation for the exact asymptotic logarithmic scaling (3.33)

of SYB recently found by Jacobsen and Saleur [14].

Bond length distribution

Starting from the expression (3.26) for the connection between S)® and P(I), the logarithmic
divergence of SYB mentioned in Eq. (3.33) implies that the bond length distribution P(1)
should follow an inverse-square power law for 1 < 1 < N/2:

P =375

(3.36)

Similar to SYB, the bond length distribution P(l) is an interesting quantity which is easy to
calculate using valence-bond Monte Carlo. We have calculated P(I) as functions of the bond
conformal length [ = N/msin(wl/N) and the results are shown on the on Figures 3.9, 3.10,
and 3.11 for d = 2, d = (v/5 +1)/2, and d = /2, respectively. The results shown on these
figures are obtained by averaging over 50 independent simulations. Other parameters of the
system used for simulations are N = 1024, n = 20N, and the periodic boundary condition.
The predicted inverse-square power law (3.36) are also shown on these figures by the red
lines. We note that ¢; is a function of d thus the predicted inverse-square power law (3.36)
on the figures are quantitatively different.

The finite-size effect for d = 2 can be seen clearly on the Figure 3.9 as the calculated P(1)
is slightly shifted from the red line for the scaling (3.36), indicating that the calculated value
of ¢ is slightly larger than the predicted value in Eq. (3.34). On the other hand, the very
good agreement observed on Figures 3.10 and 3.11 for d = %(\/5 +1) and d = V2 implies
that the finite-size effect is not quite strong for d # 2. The results for P(l) shown on Figures
3.9, 3.10, and 3.11 can be used as a justification for the predicted power-law scaling given in

Eq. (3.36).
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It should be emphasized here that the logarithmic divergence of SY® and the inverse-
square power law dependence of P([) readily imply that in the ground state of the uniform

chain, valence bonds can have any length.

3.3.2 Random models

Valence-bond entanglement entropy

It has been mentioned above (section 1.3.2) that valence bonds of a random singlet ground
state are locked into a single valence-bond state on long-length scales while they strongly
resonate on short-length scales. Therefore, although SY® and S; are generally different,
they share the same behavior on long-length scales, where both of them are essentially
characterized by a particular single valence-bond state, of which block entanglement entropy
and valence-bond entanglement entropy are equal. In particular, SY® should also diverge

logarithmically in the scaling regime 1 < L < N as

Ind
SYB — % log, L + C. (3.37)
The logarithmic scaling (3.37) has been confirmed numerically by Alet et al. [15] for random

spin-1/2 AFM Heisenberg chains (d = 2) up to 128 sites. In this work, we use valence-bond
Monte Carlo to calculated SY® of the random model (1.36) of 1024 sites with some particular
values of d which correspond to the quantum dimensions of some anyons.

In order to specify the disorder strength of the disorders used in this dissertation, we
use the parameter u which is defined so that the coupling J; are confined and uniformly
distributed on the interval [1 —u, 14u], i.e., the probability distribution P(.J) of the coupling
J is )

— if Je[l—u,1+u
P(J)=1{ 2u (3.38)

0 otherwise.
Consequently, the uniform chain which has no disorder is characterized by u = 0 while a
stronger disorder is specified by a larger u, i.e., the disorder with u = 1.0 is stronger than

the disorder with u = 0.5. An illustration of the definition is sketched on the Figure 3.12.
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A P(J)

J

Figure 3.12: Definition of disorder strength u, the parameter which specifies the distribution
P(J) of the couplings J; in such a way in which J; are uniformly distributed on [1 —u, 1 +u].

I have simulated random chains of N = 1024 interacting non-Abelian anyons with d = 2,
d = 1(v/5+1), and d = V2 and calculated S)'® using Eq. (3.23). Results are averaged
over 2000 random realizations of disorders, each of which with strength v = 1.0. For each
disorder, i.e., a random realization of J;, the decimation procedure was executed to obtain a
singlet non-crossing valence-bond state, which maximizes the overlap with the ground state.
This state was then used as the initial valence-bond state |.Sy) for a valence-bond Monte Carlo
simulation with power number n = 20N. Data for S, calculated for d = 2, d = %(\/5 +1),
and d = /2 are depicted as functions of the block conformal length Lo = N/7sin(rL/N)
on Figures 3.13, 3.14 and 3.15, respectively. For giving a numerical confirmation of (3.37),
the predicted scaling (3.37) is also shown on these figures by the red lines.

Figures 3.13, 3.14 and 3.15 clearly demonstrate that SYB, similar Sz, also scales
logarithmically with L on long-length scales in the fashion given in Eq. (3.37). The
“effective” central charge ¢ = Ind which characterizes the scaling (3.37) is also confirmed
by our calculated data. Whereas results shown here are for the disorder strength u = 1.0,
calculations done with other disorder strengths, e.g., u = 0.5, show the same agreements,
although the scaling regime is different. The results for SY® of random models shown on the
Figures 3.13, 3.14 and 3.15 can be used as an evidence of the random singlet phases of the
random model (1.36) with arbitrary d, specifically, the random transverse field Ising model

with d = v/2 [73] and random chains of non-Abelian anyons with d = 2 cos s 130
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Bond length distribution

Similar to the uniform models, in random models, P([) is predicted to have an inverse-square

power law dependence but with a d—independent coefficient
P(l) = =12 (3.39)

In the same way like that of the logarithmic scaling of SYB| the power-law bond length
distribution directly demonstrates that in a random singlet ground state, valence bonds can
take any lengths.

In order to reproduce this power-law dependence, the bond length distributions P(1)
of the same random models, ie., d = 2, d = %(\/5 + 1), and d = /2, are also
calculated numerically. On Figures 3.16, 3.17 and 3.18, numerical results for the bond length
distribution P(l) is shown as functions of the bond conformal length Il = N/msin(xl)/N
for, again, minimizing the finite-size effects. The calculated results which are shown on the
Figures 3.16, 3.17 and 3.18 clearly agree very well with the predicted inverse-square power
law (3.39), clearly demonstrating the existence of valence bonds with any length in a random

singlet ground state.

3.3.3 Valence-bond central charges

As discussed in the previous sections, the logarithmic scaling of the block entanglement
entropy Sy, is related to the central charge c or the effective central charge ¢, depending on
whether the chain in which Sy, is determined is uniform or random. Because the valence-bond
entanglement entropy SYB, similar to Sy, also scales logarithmically with L, it is convenient
to introduce the so-called valence-bond central charge ¢VB, defined as

CVB

in the scaling regime 1 < L < N. For the uniform model, the valence-bond central charge
cVB defined here is identical to the coefficient ¢; of the valence-bond entanglement entropy

calculated exactly by Jacobsen and Saleur and given by Eq. (3.34)
VB _ 6lnd [2+d arccos(d/2) | (3.41)
T 2 —dm — arccos(d/2)
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For random chains, as discussed above, since the valence-bond entanglement entropy Sy
share the same logarithmic scaling with the block entanglement entropy Sy, the valence-bond

B is equal the effective central charge ¢, which is Ind [25, 30].

central charge ¢V

Defined by Eq. (3.40), the valence-bond central charge ¢V can be easily extracted either
from S)Y® or P(l). With the valence-bond central charge ¢VB, the discussions in the sections
3.3.1 and 3.3.2 can be summarized in a condensed figure. On Figure 3.19, the central charge
¢, the effective central charge ¢, and the valence-bond central charge ¢V for both uniform
and random chains are all shown in unit of log, d, the unit of entanglement entropy. Results
for the valence-bond central charge ¢V® were obtained by fitting SY® to ag + (¢VB/3) log, x
over the range N/16 < L < N/4, where x = (N/7)sin(Ln/N) is the conformal distance
defined on the chain (see Figure 3.5 for an illustration). The higher part of the figure shows
the results for the uniform chain while the lower part of the figure shows that for random
chains.

On the higher part, the valence-bond central charge ¢V® obtained from valence-bond
Monte Carlo simulation with various values d corresponding to k = 2,3,4,5,6 and oo, are
shown by blue full circles. It should be noted here that ¢V® for & — oo was determined
by a finite-size extrapolation, which is shown in the inset of the Figure 3.19 together with
that for the case of & = 2. The extrapolations clearly shows the much stronger finite-size
effects for the & — oo case with d = 2. The calculated ¢"B is found to agree very well with
the exact ¢VB determined by the formula (3.41) shown on this figure as the red curve. This
positive result can be used as a numerical confirmation for the exact formula (3.41) of the
valence-bond central charge ¢V® as a function of d.

The higher part of the Figure 3.19 also shows the central charge ¢ = 1—6/(k+1)(k+ 1)
[29] for the conformally invariant uniform model with & = 2,3,4,5,6 and oo as the black full
squares. The dotted line is a guide to the eyes. It is clearly demonstrated that ¢ and the
cVB are clearly different as mentioned in the previous sections, implying that Sy and SYB
are generally not equal for the whole range of d examined. On the range of d, ¢VB > ¢ for
small d while ¢VB < ¢ for larger d.

On the lower part of Figure 3.19, the results for the random chains discussed in the
section 3.3.2 are shown. The dashed black line is the real-space RG result ¢/log,d = In2

for the random models, and the blue squares are our valence-bond Monte Carlo results for

random models with d = 2cos 75 where k = 2,3,4,5,6 and co. The agreement between
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SYB and Sy, observed in section 3.3.2 is shown here as the agreement between c¢y® and ¢,
which is very good.

The concept of valence-bond central charge c¢VB, therefore, can be used to capture the
logarithmic scaling of block and valence-bond entanglement entropies, which are relevant in

a discussion of random singlet phases.
3.4 Concluding remarks

To summarize, in this chapter I have reviewed the block entanglement entropy S; and
studied numerically the valence-bond entanglement entropy S)B, the quantities which are
useful in studying random singlet phases. While the valence-bond entanglement entropy
is easy to calculate using valence-bond Monte Carlo, it is generally not equal the block
entanglement. Defined by Eq. (3.22) for the uniform chain and Eq. (3.23) for random
chains, the logarithmic scaling of S}'B, which was shown on Figures 3.6, 3.7, and 3.8 for the
uniform chain and Figures 3.13, 3.14, and 3.15 for random chains clearly demonstrates the
existence of bonds with any length in the ground state of these chains. This can also be
shown by a more direct way: the power-law bond length distribution P(l), which is predicted
in Egs. (3.36) and (3.39). These power laws of P(l) are confirmed numerically on the Figures
3.9, 3.10 and 3.11 for the uniform chain and 3.16, 3.17 and 3.18 for random chains. This
chapter, therefore, has discussed in details one of the essential features of a random singlet
ground state.

The other essential feature implies that, as discussed in the subsection 1.3.3, the valence
bonds of a random singlet ground state strongly resonate up to a finite length scale while
they are locked into a particular valence-bond configuration beyond this length scale. In
fact, this feature is reflected in the valence-bond central charge ¢V® = In d of random chains,
which is quantitatively different from the central charge ¢ = 1 — 6/(k + 1)(k + 1) for the
uniform chain. This feature is also implied by the coefficients of the bond length distribution
P(l), which is (2¢1)/(31n2) for the uniform chain and 2/3 for the random chains. However,
the connection between the “locking” assumption and the valence-bond central charge is
indirect in the sense that it is based on the approximation (1.19), which is less effective
for weak disorders. Note that the length scale beyond which valence bonds of a random
singlet ground state are locked is an interesting quantity which characterize random singlet

phase. However, no information on this length scale can be extracted from valence-bond
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entanglement entropy S)® and bond length distribution P(I). In the next chapter, these

issues will be discussed in a new way.
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Figure 3.6: Semi-log plot of the valence-bond entanglement entropy S)® of the uniform model
with d = 2 as a function of block conformal length Lo defined as Lo = N/msin(nL/N).
System parameters are N = 1024, n = 20N with periodic boundary conditions. Data is
averaged over 50 independent simulations. The exact asymptotic scaling of S} by Jacobsen
and Saleur is sketched by the solid line. Error bars are smaller than the symbol size.
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Figure 3.7: Semi-log plot of the valence-bond entanglement entropy SYE of the uniform
model with d = 1(v/5 + 1) as a function of block conformal length Lo defined as
Lo = N/msin(rL/N). System parameters are N = 1024, n = 20N with periodic boundary
conditions. Data is averaged over 50 independent simulations. The exact asymptotic scaling
of SYB by Jacobsen and Saleur is sketched by the solid line. Error bars are smaller than the
symbol size.
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Figure 3.8: Semi-log plot of the valence-bond entanglement entropy S}® of the uniform model
with d = v/2 as a function of block conformal length L¢ defined as Lg = N/7wsin(nL/N).
System parameters are N = 1024, n = 20N with periodic boundary conditions. Data is
averaged over 50 independent simulations. The exact asymptotic scaling of SY® by Jacobsen
and Saleur is sketched by the solid line. Error bars are smaller than the symbol size.
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Figure 3.9: Log-log plot of the bond length distribution P(I) of the uniform model with d = 2
as a function of bond conformal length [o. System parameters are N = 1024, n = 20N.
Data is averaged over 50 independent simulations. Periodic boundary condition is employed.
The exact asymptotic scaling is sketched by the solid line. Error bars are smaller than the
symbol size.
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Figure 3.10: Log-log plot of the bond length distribution P(l) of the uniform model with
d= %(\/3 + 1) as a function of bond conformal length [c. System parameters are N = 1024,
n = 20N. Data is averaged over 50 independent simulations. Periodic boundary condition is
employed. The exact asymptotic scaling is sketched by the solid line. Error bars are smaller
than the symbol size.
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Figure 3.11: Log-log plot of the bond length distribution P(l) of the uniform model with
d = /2 as a function of bond conformal length Io. System parameters are N = 1024,
n = 20N. Data is averaged over 50 independent simulations. Periodic boundary condition is
employed. The exact asymptotic scaling is sketched by the solid line. Error bars are smaller
than the symbol size.
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Figure 3.13: Semi-log plots of the valence-bond entanglement entropy S}'® of a random chain
with d = 2 as a function of block conformal length Ls. System parameters are N = 1024,
n = 20N, and v = 1.0. Results are averaged over 2000 disorders. Periodic boundary
condition is employed. RG scaling is sketched by the solid line. Error bars are smaller than
the symbol size.
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Figure 3.14: Semi-log plots of the valence-bond entanglement entropy SYB of a random
chain with d = %(\/3 + 1) as a function of block conformal length Lo. System parameters
are N = 1024, n = 20N, and u = 1.0. Results are averaged over 2000 disorders. Periodic
boundary condition is employed. RG scaling is sketched by the solid line. Error bars are
smaller than the symbol size.
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Figure 3.15: Semi-log plots of the valence-bond entanglement entropy SYB of a random
chain with d = v/2 as a function of block conformal length Lo. System parameters are
N = 1024, n = 20N, and u = 1.0. Results are averaged over 2000 disorders. Periodic
boundary condition is employed. RG scaling is sketched by the solid line. Error bars are
smaller than the symbol size.
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Figure 3.16: Log-log plots of the bond length distribution P(l) of a random chain with d = 2
as a function of bond conformal length [o. System parameters are N = 1024, n = 20N, and
u = 1.0. Results are averaged over 2000 disorders. Periodic boundary condition is employed.
RG scaling is sketched by the solid line. Error bars are smaller than the symbol size.
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Figure 3.17: Log-log plots of the bond length distribution P(l) of a random chain with
d= %(\/3 + 1) as a function of bond conformal length [c. System parameters are N = 1024,
n = 20N, and u = 1.0. Results are averaged over 2000 disorders. Periodic boundary
condition is employed. RG scaling is sketched by the solid line. Error bars are smaller than
the symbol size.
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Figure 3.18: Log-log plots of the bond length distribution P(I) of a random chain with d = v/2
as a function of bond conformal length . System parameters are N = 1024, n = 20N, and
u = 1.0. Results are averaged over 2000 disorders. Periodic boundary condition is employed.
RG scaling is sketched by the solid line. Error bars are smaller than the symbol size.
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Figure 3.19: d dependence of the valence-bond central charge, ¢} 2, for uniform (higher part)
and random chains (lower part), along with the true central charges for the conformally
invariant uniform models with d = 2cos 75, in units of log,d. The solid red line is the
exact result in Eq. (3.41), the black squares are the central charges of the uniform chain
of interacting non-Abelian anyons for different values of k (the dashed line is a guide to
the eye), the green line is the real-space RG result ¢/log,d = In2 for the random models,
and the blue circles and triangles are our valence-bond Monte Carlo results for uniform and
random models, respectively. The inset shows the finite size extrapolation used to find ¢VB

for the uniform models with £ — oo and & = 2.
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CHAPTER 4

VALENCE-BOND FLUCTUATION

In this chapter a new quantity, which I refer to as the valence-bond fluctuation for the models
(1.36), is introduced. It is shown how this new quantity provides a natural language for
studying random singlet phases, with some advantages over previous methods. In particular,
for random chains, by using this quantity, one can effectively “see” that the valence bonds
of a random singlet ground state are locked into a particular valence bond configuration on
long-length scales [27]. The length scale which characterizes the valence-bond locking can
also be extracted from the valence-bond fluctuations. Another advantage of this quantity
is that it can be easily calculated for both uniform and disordered models using valence-
bond Monte Carlo, regardless how weak the disorder is. Consequently, the random singlet
phase formation in the limit of weak disorder (the uniform model) can be directly probed
by analyzing this quantity for disorders of various strengths. In addition, my results for
uniform models provide a numerical confirmation for a very recent exact asymptotic result

by Jacobsen and Saleur [14].

4.1 Valence bonds in random singlet phases

The ground state of the uniform chain described by (1.36) can be viewed as a strongly
fluctuating spin liquid in which valence bonds, which can take any length, strongly resonate
on all length scales. While valence bonds in a random singlet ground state can also have any
length, they resonate in different ways on different length scales. On long-length scales, they
are locked into a particular bond configuration while on short-length scales, they fluctuate
strongly, as in the ground state of the uniform chain.

For a more detailed discussion on the fluctuations of the valence bonds in the ground

state of either a uniform or a random chain, we define a quantity & so that the valence bonds
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of the ground state of a chain fluctuate on length scales up to ¢ while they are locked on
length scales larger than £. The fluctuation length scale ¢ defined here can be viewed as a
crossover from a resonating regime to a locking regime, the former is relevant to the uniform
chain while the latter is relevant to random chains. For a random chain, £ is finite and is a
function of the disorder strength u (see Eq. (3.38) and Figure 3.12 for a definition of u). For
uniform chains (v = 0), because the valence bonds strongly resonate on all length scales, &
diverges in the limit N — oc.

We now come back to the essential features of a random singlet ground state. The
existence of valence bonds with any length in a random singlet ground state can be probed
directly by the valence-bond entanglement entropy Sy and the bond length distribution
P(l). In Chapter 3, discussions on these two quantities are given in details. Starting
from the random singlet ground state obtained by the real-space RG scheme [10], the block
entanglement entropy Sz, was shown to scale logarithmically with L [25, 30]. The logarithmic
scaling of SYB and, as a consequence, the power-law scaling of P(l), were implied from
the scaling of Sy, and the feature that valence bonds in a random singlet ground state are
locked into a particular bond configuration on long-length scales. The divergence of S8 and
the power law of P(l) directly imply that the valence bonds can have any length [11, 15].
Calculations using valence-bond Monte Carlo both for SY® and P(I) are also shown in
Chapter 3 and the Ref. [13], giving numerical confirmations for the scalings of SY® and
P(l), or equivalently, the feature that valence bonds in a random singlet ground state can
indeed have any length.

While the scalings of valence-bond entanglement entropy SYP and bond length distri-
bution P(l) can provide information on the bond lengths, they provide no information of
the bond fluctuations and the fluctuation length scale £. In particular, the scalings of S}B
and P(l) are derived with two assumptions: 1) the logarithmic scaling of Sy, the block
entanglement entropy and 2) that the valence bonds of a random singlet ground state are
locked into a particular bond configuration beyond the length scale &. The first assumption
can be traced back to the real-space RG analysis for a given disorder. This analysis adopts the
approximation (1.19), which is good in the limit of strong disorder but becomes less effective
in the limit of weak disorder. The random singlet ground state, within this approximation,
is obtained as a single valence-bond state which exhibits the bonds with arbitrary length

[10] but no information of bond fluctuations. The second assumption is basically what we

7



have to prove and the scalings of S)® and P(l) are used as a numerical evidence that this
assumption is correct. However, the scalings of SY® and P(l) can not be used to provide any
information on the fluctuation length scale &, which can be expected to be an interesting
quantity of a random singlet ground state.

For the reasons, it is my goal to introduce another quantity that minimizes the number of
assumptions used. In particular, I will define a new quantity called valence-bond fluctuation
whose behavior can be predicted without the first assumption, i.e., it depends solely on the
second assumption. This quantity is able to demonstrate clearly that the valence bonds
for the uniform chain strongly resonate on all length scales while it shows that the valence
bonds they are locked into a particular bond configuration on long-length scales with any
disorder strength, especially in the limit of weak disorder. This quantity, therefore, can be
used as a new signature of the random singlet phase associated to random chains. The new
quantity should also be used for to determine the fluctuation length scale £, the interesting
quantity which is defined just above. In section 4.2, the valence-bond fluctuation is defined

and discussed in details.

4.2 Valence-bond fluctuation

4.2.1 Definition

The valence-bond Monte Carlo, as discussed in the previous Chapters, samples the ground
state |0) of either a uniform or a random chain on the valence-bond basis. For each sample
state |a), the number of valence bonds crossing one of two ends of a given block A is
determined to be ny(a) (see Figure 3.4 for an illustration). The valence-bond entanglement
entropy SY® is then defined as the weighted average of nz(«), given by Eq. (3.20). While the
scaling of SYB provide no information on the bond fluctuations and the fluctuation length
scale &, the valence-bond fluctuation 0%, which is defined as a particular variance of ny, can
provide such information.
For the purpose, the valence-bond fluctuation 0% of the uniform chain is defined as

2

Y wl@ni(a) Y wl@ng(a)

e — | = : (4.1)

> w(@) > w(@)

« (e
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or, in an equivalent but more condensed form
op = (ni) — (nr)”. (4.2)

In this formula, the angular brackets (---) denote the weighted average (2.10) over the
sampling states |a) which is executed during a Monte Carlo simulation. For random models,
an additional average over disorders is needed, so the valence-bond fluctuation o% is defined

o = (ny) — (nr)? (4.3)

where the overbar denotes a disorder average. Note that the order of the averages is crucial:
first one averages (n?) and (np), and then compute (n?) — (np)? before averaging over
disorders for random models.

The valence-bond fluctuation o defined by (4.2) for uniform chains and (4.3) for random
chains has some properties which are useful for studying the random singlet phases. In the

next section these properties will be discussed, showing a key role of the fluctuation length

scale &.

4.2.2 Active regions

For a given block of L sites in a chain, o7 is the variance of ny, which is the number of
valence bonds crossing one of two block ends. We now consider, for example, the left end of
the block and the valence bonds crossing this end. Each of these valence bonds has exactly
one end inside the block, and this end fluctuates within a length scale of £, which is either
finite or infinite. Consequently, only the valence bonds ending at a site within a distance of
~ & from the left end can fluctuate between inside and outside of the block, thus changing
the number of valence bonds crossing the left end. In other words, only the bond fluctuations
happening within a distance of ~ ¢ from the left end, a region called the active region, can
change the number of valence bonds crossing the left end, thus contribute to %, the variance
of ny. On the Figure 4.1, an illustration for two active regions of a given block of L = 7
sites is shown. The union of two active regions corresponding to the left and right ends of a
block is called a total active region.

The concept of active region plays a role in a qualitative discussion on 0% as a function

of the block length L of (1.36), either with or without disorders. In particular, the size of
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Figure 4.1: A geometry of the definition of valence-bond fluctuation %, which is defined as
the variance of ny, the number of bond crossing one of two ends of the block of length L.
Two dashed regions with size of ~ £ from two ends of the block are called “active regions” in
the sense that only the fluctuations of the bonds which have one end in the regions contribute
to o%. The union of the active regions is called a “total active region” with the size of either
equal or smaller than L.

the total active region, by definition, is directly related to the valence-bond fluctuation o%.
While the asymptotic scaling of 02 of the uniform chain can be determined exactly by an
other method [11], similar things are not available for random chains, so in this case, the

concept of active region is somewhat useful.

4.2.3 Valence-bond fluctuation in the uniform model

In the ground state of the uniform chain, valence bonds strongly resonate on all length scales,
implying that in the limit N — oo, the fluctuation length scale ¢ diverges. Therefore, for a
block of finite L sites, the total active region size is always equal to L. Any increase of L,
consequently, always makes the total active region larger, thus increases o%. Therefore, the
valence-bond fluctuation % for the uniform chain can be expected, in a qualitative way, to
grows with the block length L.

In a recent work, Jacobsen and Saleur [11] have shown that one can do more than just a
qualitative discussion on the divergence of 0% as L grows. For the uniform chain, they has
shown that the exact asymptotic scaling of the variance of ny, which is 0% as defined by (4.2),
can be determined exactly as 1 < L < N. As discussed in subsection 3.3.1, the averaged
number (n;) can be obtained by operating w2 on the correlation function (V,(0)V_(L))
given in (3.27) [44]. In order to determine valence-bond fluctuation o? = (n?) — (nz)?, we

need to calculate (n2) while (ny) has already been calculated and given in Eq. (3.32). This
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quantity, similar to (nr), can be determined by operating (w%f on two sides of (3.27).

The action on the left hand side simply returns (n?) in the same fashion as Eq. (3.31). On
the other hand, the action on the right hand side of (3.27) can be described as

2 2
(w%> [2hwd) g2 <8h(au;> d)) [,~2h(w,d) (In L)2

(4.4)

2
_ow 6h(w, d) 4 wa h(w7 d) L—2h(w,d) In L.
ow ow?

Recall that the Eq. (4.4) has to be estimated at w = /@, = v2 + d at which h(w,d) =0
and therefore L=2*wd) —= 1. When we calculate 02 which is defined as (n2) — (np)?, the
first term in the right hand side of the Eq. (4.4) cancels exactly the term (nz)? so the

valence-bond fluctuation o7 is given by

o2 = —2u (Wb(w,d) . 02h(w,d))

w

S 52 In L. (4.5)

w=y/Qyp

Some more basic calculations are needed, and at the final, the valence-bond fluctuation o

is found to grow logarithmically with in the regime 1 < L < N as [11]
07 =c;InL+C (4.6)
where c; is a function of d only and is given by
4 | 24d 2arccos(d/2) — V4 — d?
- \/ (2—d)®  m—arccos(d/2) (+7)

Similar to the logarithmic scaling of SY® which indicates the presence of valence bonds

with any length, the exact asymptotic logarithmic scaling of o7 given by (4.6) clearly
demonstrates that the valence bonds of the ground state of the uniform chain strongly
resonate on all length scales.

It is an interesting note that o which is defined as (4.2) for the uniform chain can be
easily calculated by valence-bond Monte Carlo so it is worth to give a numerical confirmation
for the asymptotic scaling (4.6). For the uniform chain, I have simulated the uniform chains
of interacting non-Abelian anyons with d = 2, d = 3(v5 + 1), and d = /2 and then
calculated 0% using Eq. (4.2). Chains used for calculation has the size of N = 1024 while
the power number n is taken to be 60/N. For each independent simulation, a random non-

crossing valence-bond state is generated and used as the initial valence-bond state |Sy). The
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Figure 4.2: Valence-bond fluctuation o2 for the uniform chain described by Eq. (1.36) with
d = 2 as function of block conformal length Lo = N/7msin(nL/N) for minimizing finite-
size effects. The solid line depict the exact asymptotic scaling (4.6) with the coefficient ¢y
determined by (4.7). Parameters for the calculation is N = 1024, n = 60N. Error bars are

smaller than the symbol size.
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Figure 4.3: Valence-bond fluctuation o for the uniform chain described by Eq. (1.36) with
d = 1(v/5+ 1) as function of block conformal length Lo = N/msin(mL/N) for minimizing
finite-size effects. The solid line depict the exact asymptotic scaling (4.6) with the coefficient
co determined by (4.7). Parameters for the calculation is N = 1024, n = 60N. Error bars
are smaller than the symbol size.
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Figure 4.4: Valence-bond fluctuation o for the uniform chain described by Eq. (1.36) with
d = /2 as function of block conformal length Lo = N/7sin(rL/N) for minimizing finite-
size effects. The solid line depict the exact asymptotic scaling (4.6) with the coefficient ¢y
determined by (4.7). Parameters for the calculation is N = 1024, n = 60N. Error bars are

smaller than the symbol size.
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obtained results, which are averaged over 16 independent simulations are shown on Figures
4.2, 4.3, and 4.4, each for a value of d mentioned above. For minimizing the finite-size
effects, 0% is shown on the Figures 4.2, 4.3, and 4.4 as functions of the block conformal
length Lo = N/msin(rL/N). The exact asymptotic scaling (4.6) with the coefficient ¢y
determined by Eq. (4.7) are also shown on these figures by red lines for giving comparisons
with the calculated results.

Figures 4.2, 4.3, and 4.4 clearly demonstrates an excellent agrement of the calculated
valence-bond fluctuation ¢% for the uniform chain for d = 2, d = (V5 + 1), and d = V2
with the exact asymptotic scaling (4.6) recently found. The logarithmic scaling of 0% shown
on these figures can be regarded as the first numerical confirmation for the work by Jacobsen
and Saleur [11]. This result also clearly shows that in the spin-liquid ground state of the
uniform chain, valence bonds, which can have any length, strongly resonate on all length

scales. [13]

4.2.4 Valence-bond fluctuation in random models

For random chains, a qualitative discussion on the valence-bond fluctuation o% can also given

in the same way as for the uniform chain. While for the uniform chain, the fluctuation length
scale & diverges, this length scale of a random chain is finite and may be sufficiently small,
especially for strong disorders. Therefore, there are two limiting regimes in which we can
identify qualitatively the behaviors of 2. When L < &, the total active region size is equal
L, thus, similar to the uniform chain, an increase of L always results an increase of the total
active region size, and then an increase of 2. On the other hand, when the block length is
large enough, e.g., L > £, an increase of L does not result in an increase of the total active
region (this case is illustrated on the Figure 4.1). Consequently, the valence-bond fluctuation
o2 saturates as the block length L is much larger than the fluctuation length scale &, i.e.,
L > £, The saturation is clearly a direct evidence of the feature that valence bonds are

locked on long-length scales.

2
o0

In the limit N — oo, the saturation value o2 of 0% (as L — oo) and the value of L
at which ¢% saturates are naturally expected to depend solely on the disorder strength w.
Therefore, by calculating % for large enough chain size N with various disorder strength u,
one not only can verify the saturation of 02 which directly demonstrates the bond locking,

but also can extract the fluctuation length scale €.
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For these purposes, valence-bond fluctuation 0% for random chains with d = 2, d =
%(\/5+1), and d = /2 are calculated using valence-bond Monte Carlo. Systems used for these
calculations all have the size N = 1024 and the power number n = 60N. Various disorder
strengths are used for each value of d, e.g., v = 1.0, 0.75, 0.50, 0.25, and 0.10, describing
various disorder strengths from strong to weak. For each disorder strength, numerical results
are averaged over 50 independent random realizations of the disorders. For each disorder,
a decimation procedure is performed and then the obtained valence-bond state is used as
the initial valence-bond stare |Sp) for the valence-bond Monte Carlo simulation. Obtained
results for o2 are shown on Figures 4.5, 4.6, and 4.7 as functions of the block conformal
length Lo = N/msin(rL/N), each figure for a value of d as listed above. The o7 for the
uniform chain (u = 0.00) is also shown for a comparison.

The Figures 4.5, 4.6, and 4.7 show that for random chains with any disorder strength,
o? is smaller than that of the corresponding uniform chain, indicating that any disorder
suppresses the fluctuations of valence bonds. These figures also show that for any disorder
strength, 02 grows with L as L is small and saturates at a finite value 02 when L is large
enough. The saturation of a weaker disorder happens at a larger value of L and a higher
value 02 of o2. Tentatively, these figures imply that the fluctuation length scale ¢ is smaller
for a stronger disorder. More detailed discussions for the dependence of £ on the disorder
strength u can be found in section 4.3.

We now focus on weak disorders, i.e., those with © = 0.1 and v = 0.25. In random chains
with d = /2, the valence-bond fluctuation ¢? for both disorder strengths, as seen on Figure
4.7, has not saturated yet, even when L ~ N/2, the largest value it may take. If we move
on to random chains with a larger d, e.g., d = %(\/5 + 1), of which results are shown on
the Figure 4.6, 02 for u = 0.1 does not saturate while that for v = 0.25 almost saturates at
L ~ N/2. This implies that for weakly disordered chains with d = v/2 and d = 1(v/5+1), a
system size N = 1024 is not large enough for observing the saturation of 02. On the other
hand, Figure 4.5 for d = 2 shows that the saturation of o can be observed even with u = 0.1,
the weakest disorder studied in this work. These pictures indicate qualitatively that at the
same disorder strength, the fluctuation length scale ¢ for random chains with d < 2 is larger
than ¢ for random chains with d = 2 (see section 4.3 for more quantitative discussions).

The saturations of 02 for random chains of various d and different disorder strengths, as

shown on Figures 4.5, 4.6, and 4.7, strongly confirm in a quantitative way the qualitative
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discussion on the saturation of o7. Note that calculations of o7 are in principle exact, i.e.,
the approximation (1.19) is not necessary as in the real-space RG scheme [10]. Because
the saturation of % is a direct consequence of a finite fluctuation length scale ¢, it can be
claimed to be a direct signature of the fact that valence bonds in the ground state of a
random chain are locked into a particular valence-bond configuration on long-length scales
[13]. This can also be claimed as the first direct numerical signature of the random singlet
phases in random chains of non-Abelian anyons, which have been pointed out by a recent

real-space RG study by Bonesteel and Yang [30].

4.3 Fluctuation length scales in random singlet phases

4.3.1 Scaling of valence-bond fluctuation

For a random chain with a given disorder strength u, the valence-bond fluctuation o%, as
shown on the previous sections, can be easily calculated by valence-bond Monte Carlo. While
the saturation of 0% as L — oo can be viewed as a clear and direct signature that valence
bonds of a random singlet state are locked on long-length scales (see subsection 4.2.4), the
fluctuation length scale ¢ can be extracted by analyzing o on the whole range of L, i.e.,
0 <L <oo.

The fluctuation length scale &, by definition, is a crossover length scale which separates
the resonating regime with L < £ and the locking regime with L > £. Of these two regimes,
the latter is characterized by a constant behavior of 0% while the former is characterized by
the growth of 02 with L, as discussed qualitatively in the subsection 4.2.4 using the concept
of active region. Between these two regimes, there is a crossover regime where L ~ £. These

three regimes can be identified in terms of the dimensionless L/¢ as follow
1. In the resonating regime, i.e., L/¢é < 1, 0% grows logarithmically with L/ with as:
o7 ~ cyIn(L/€) (4.8)
with ¢y is given by Eq. (4.7).
2. In the locking regime, i.e., L/ > 1, 02 = o2 , which is a constant.

3. In the crossover regime, i.e., L/ ~ 1, the scaling of 0% moves from a logarithmically

growing function of L to a constant, which is independent of L.
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Figure 4.5: Valence-bond fluctuation ¢% for random chains described by Eq. (1.36) with
d = 2 as functions of block conformal length Lo = N/msin(rL/N) for minimizing finite-
size effects. Various values of u, the parameter which specifies the disorder strength are
chosen as u = 1.0,0.75,0.5,0.25,0.10. o2 for the uniform chain (u = 0.0) is also shown for a
comparison. Parameters for the calculation is N = 1024, n = 60N. Error bars are smaller
than the symbol size.
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Figure 4.6: Valence-bond fluctuation ¢% random chains described by Eq. (1.36) with
d = 1(v/5+1) as functions of block conformal length Lo = N/7sin(rL/N) for minimizing
finite-size effects. Various values of u, the parameter which specifies the disorder strength
are chosen as v = 1.0,0.75,0.5,0.25,0.10. ¢% for the uniform chain (u = 0.0) is also shown
for a comparison. Parameters for the calculation is N = 1024, n = 60N. Error bars are
smaller than the symbol size.
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Figure 4.7: Valence-bond fluctuation ¢ random chains described by Eq. (1.36) with d = /2
as functions of block conformal length Lo = N/msin(rL/N) for minimizing finite-size
effects. Various values of u, the parameter which specifies the disorder strength are chosen
as u = 1.0,0.75,0.5,0.25,0.10. o¢% for the uniform chain (u = 0.0) is also shown for a
comparison. Parameters for the calculation is N = 1024, n = 60N. Error bars are smaller
than the symbol size.
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We now look closer to 0%, which saturates at o2, as L — oo. The value of ¢ is finite
and depends on the disorder strength u > 0. For a given value of u, it is expected that the
scaling form of o2 is given by

02— 0% = o(L/¢), (4.9)

which o(L/€) is a function of the dimensionless parameter L/¢, which grows logarithmically
in the same fashion as 0% of the uniform chain in the resonating regime (L < 1) and
saturates at 0 in the locking regime (L >> 1), as 0% of a random chain. Note that the effects
of disorders are all included in &, so o(L/¢) is independent of w.

Data for valence-bond fluctuation 0% of random chains with d = 2, d = 3(v/5 + 1), and
d = /2 shown on figures 4.5, 4.6, and 4.7, and some more with u = 0.375 and u = 0.625 are
scaled following Eq. (4.9). Because of the even-odd oscillation of ¢%, only data with L odd
is kept for doing the scaling. The scaling is done so that the crossover regime is centered at
L/¢ ~ 1. Once the proper values of £, which depends on u, are obtained, data for all values
of u all collapse into a single function o(L/£). The scaling plots are shown on figures 4.8,
4.9, and 4.10 for d = 2, d = %(\/3+ 1), and d = v/2, respectively. On these figures, values of
¢ for each disorder strength u are also shown.

Figure 4.8 for random chains with d = 2 shows a nice scaling plot where 02 move from
the resonating regime with L/ < 1 to the locking regime with L/& > 1. With this value of
d, o2 for all the values of u properly saturates as L ~ N/2 (see figure 4.5) thus they are can
all be scaled into an universal function o(L/€). For d = 1(v/5 + 1), 07 does not saturates
for u = 0.1 (see figure 4.6) while for d = /2, 62 does not saturates for both u = 0.1 and
u = 0.25 (see figure 4.6). Consequently, on the figures 4.9 and 4.10 for the corresponding
scaling plots, there are some data points (pointed by arrows) that can not be completely
scaled. This implies that one has to simulate random chains with sizes N > 1024 to get

better scaling plots.

4.3.2 Fluctuation length scales

The fluctuation length scale ¢, which can be obtained by the scaling 0%, is a crossover
between the pure and disordered critical behaviors. For a random chain with finite u, £ is
finite while it diverges when u — 0. Therefore, it is desirable to study the divergence of

¢ in limit of weak disorder and compare it with possible known relevant crossover length
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Figure 4.8: Scaling plot according to Eq. (4.9) for the data of % shown on figure 4.5 (random
chains with d = 2). On the scaling plot, only data with L odd are kept. Corresponding to
disorder strength v = 0.1,0.25,0.50,0.75, and 1.0, the fluctuation length scale is found to
be £ = 140, 70,37,21, and 11. Two lines illustrate the scaling (4.6) in the resonating regime

and the saturation scaling in the locking regime. Explanation for symbols are shown on the
figure.
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Figure 4.9: Scaling plot according to Eq. (4.9) for the data of o2 shown on figure 4.6
(random chains with d = %(\/5 + 1)). On the scaling plot, only data with L odd are
kept. Corresponding to disorder strength u = 0.1,0.25,0.375,0.50,0.625,0.75, and 1.0, the
fluctuation length scale is found to be & = 575,215, 145,87,65,48, and 24. Lines illustrate
the scaling (4.6) in the resonating regime and the saturation scaling in the locking regime.
Explanation for symbols are shown on the figure. The arrow points to the data points which
can not be completely scaled because o2 does not saturates for u = 0.1 (see figure 4.6 for
plots of 0%).
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Figure 4.10: Scaling plot according to Eq. (4.9) for the data of o? shown on figure
4.7 (random chains with d = \/5) On the scaling plot, only data with L odd are
kept. Corresponding to disorder strength u = 0.1,0.25,0.375,0.50,0.625,0.75, and 1.0, the
fluctuation length scale is found to be & = 720, 390, 195, 140, 102, 66, and 32. Lines illustrate
the scaling (4.6) in the resonating regime and the saturation scaling in the locking regime.
Explanation for symbols are shown on the figure. The arrows point to the data points which
can not be completely scaled because 0% does not saturates for u = 0.1 and u = 0.25 (see
figure 4.7 for plots of 0%).
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scales. The particular crossover length scales to be compared with ¢ in this dissertation is
the localization length scale £* and the crossover length scale & extracted from spin-spin
correlation of a spin-1/2 XXX chain [74, 75].

For a random spin-1/2 chain with disorder strength w, the renormalization flow to the
infinite-randomness fixed point is controlled by the so-called localization length £*, which
can be studied using bosonization technique [9, 76]. In the limit v — 0, the localization
length scale &* diverges as £* o« u™7 with v = 1 for a random spin-1/2 XXX chain and
v = 2 for a random spin-1/2 XX chain. Exact diagonalization calculations for £* using spin
stiffness of random chains are in excellent agreement with these bosonization results [74].

The crossover length scale &y, as reported in the Ref. [71], was determined as the crossover
between the behaviors of the spin-spin correlation in pure and disorder regimes. In particular,

the authors of Ref. [71] has calculated the correlation function defined as

N 9 N/2
cF <5> - 2 (780, ) (4.10)

where (---) implies a ground state expectation value. For a spin-1/2 XX chain with N/2

1/2'in the pure regime and N~2 in the

even, the correlation function C(N/2) scales as N~
disordered regime [10]. For a spin-1/2 XXX chain, on the other hand, C”(N/2) scales as
v/In(N/2)N~" in the pure regime [77] and N~ in the disordered regime [10]. The correlation
function C#(N/2) was then calculated for random XX chains using exact diagonalization and
for random XXX chains using a quantum Monte Carlo (stochastic series expansion) method
[78]. By studying the scaling form of C®(N/2), the crossover length scale &, of these models
has been extracted from the numerically calculated results [71], showing a good agreement
with the scaling of £* determined by bosonization technique.

We now compare the fluctuation length scale &, which has been extracted from the scaling
of 0%, as described in the subsection 4.3.1, with & and £*. On figure 4.11, the fluctuation
length scale & for d = 2 is shown as functions of u in comparing with the crossover length
scale & for a spin-1/2 XXX chain. Similarly, on figure 4.12, the fluctuation length scale &
for d = /2 is compared with the crossover length scale & for a spin-1/2 XXX chain. It
is interesting to note that the fluctuation length scale £ is in a good agreement with the
crossover length scale &y, especially for the case d = 2 (XXX chains).

Figures 4.13 and 4.14 show two attempts of describing the fluctuation length scale £ for

d=2,d= %(\/5 + 1), and d = V2 in power laws of disorder strength in a similar way of
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those for £* by bosonization. On figure 4.13, £ is depicted as functions of disorder strength
u, while it is shown on figure 4.14 as functions of ¢, defined as the variance of the random

variable In J;, and given in terms of u as

1 —u? 14 ul?
o e )

In the same way as in the Ref. [71], one can observe on these figures the singular behaviors

of ¢ for uw and 6 — 0. In particular, the fluctuation length scales ¢ for random chains with
sufficiently weak disorders are well-fitted to power laws & oc u™7 (figure 4.13) and & o 67
(figure 4.14). For d = 2, I found v = 1.0, which is very close to the exponent 1.16 found
in Ref. [71], and is in excellent agreement with the bosonization result v = 1.0. On the
other hand, for d = v/2, I found v = 1.65, which is smaller than the result by bosonization
(v = 2.0), and that found for the crossover length scale &, in Ref. [71] (v = 1.8). For random
chains of Fibonacci anyons with d = %(\/3 +1), T also found that the fluctuation length scale
¢ diverges as u~” and 077 with the exponent v = 1.4, which is in between the exponent ~y
for d = 2 and d = /2. There is no known result for v in this model so the result v = 1.4 can
be regarded as a mew result of this Dissertation. Because the system size N = 1024 is not
large enough for the model (1.36) with k& = 3, a more accurate value of v can be obtained
easily by a scaling analysis with larger system size, e.g., N > 1024.

We can now mention something on d—dependence of &. Figure 4.13 shows the fluctuation
length scales for random chains with various quantum dimension d, i.e., d = 2, d = %(\/5 +1),
and d = v/2. The figure clearly indicates that the fluctuation length scale for a random chain
of smaller d is larger, confirming in a quantitative way the qualitative discussion about this

issue in the section 4.2.4.
4.4 Concluding remarks

In this Chapter I have presented the most important new result of this Dissertation. In
particular, I have introduced a new concept, the so-called valence-bond fluctuation o which
can be calculated easily using valence-bond Monte Carlo and can be used to quantitatively
study random singlet phases in a new way. By calculating and analyzing the valence-bond
fluctuation, one can directly observe one of the essential features of random singlet phase:
valence bonds are locked into a particular bond configuration on long-length scales while at

the same time, they resonate strongly on short-length scales.
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The next new result of this chapter is based on an advantage of valence-bond fluctuation
o2 is that from this quantity, one can extract the so-called fluctuation length scale £, which
is a characteristic of a random singlet ground state. In particular, this length scale is the
crossover from the resonating regime to the locking regime, the former is relevant to the
uniform chain while the latter is relevant to random chains and random singlet phases.
From this nature if £, it is natural to conclude that & is clearly related to other crossover
length scales, for example, the localization length £* and the crossover length scale &y [7].
While the fluctuation length scale £ for k = 2 agrees very well with the known crossover
length scales, the agreement for d = v/2 is not very good, which is caused by the fact that
N = 1024 is not large enough. The fluctuation length scale & ~ u™'* for d = 2(v/5 + 1)
is another new result of this chapter in the sense that this is the first time such crossover
length scale is determined for this model.

Finally, the approach to random singlet phase and the fluctuation length scale ¢ based
on valence-bond fluctuation developed here can be used not only for spin-1/2 (XXX or
XX) chains or chains of Fibonacci anyons (d = 1(v/5 + 1)), but also for the model (1.36)
with arbitrary d with no additional modifications on the numerical method. The possible
connection of other models, for example higher spin chains, with the model (1.36) with a

given value of d, therefore, allows this approach to be used for these models.
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Figure 4.11: Fluctuation length scale ¢ for d = 2 and crossover length scale &, for random
spin-1/2 XXX chains as functions of u.
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straight lines depict the attempted power laws =7 with v = 1.0 for d = 2, v = 1.4 for
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APPENDIX A

PROOFS OF SOME RESULTS

A.1 Spin singlet projection operator

Two spin—% particles at sites ¢ and 7 + 1 of the model (1.36) can either be in the singlet
state, denoted by |s;;+1) or one of three triplet states, denoted by |t£’ﬁrl> with = 1,2 or
3. The eigenenergy corresponding to the singlet state is —% while that corresponding to any
of three triplet states is }L. Therefore, one away to define the singlet projection operator I1Y,
acting on spins at site ¢ and 7 4 1, is to start from the eigenenergies of the singlet and triplet

states. In this way, I1? is defined as:

)

SN

It can be shown that applying IIY on |s;;11) returns |s; ;1) while applying IIY on |t§’2rl)

returns zero:
H?\Si,i+1> = |5i,i+1>7
(A.2)
[t =0,
The above properties of the singlet projection operator ITY can be easily proved by writing

S = S*; + S;H and then:

L 1 /e = o
S S =5 (-5 - 52,), (A.3)
therefore
1 1 /- o -
o_*r_1(3_d_ 3
=7-3 (s 5 SZ“) . (A.4)

Now, applying II? on the singlet state |s; ;1) = \/Li (| Tidicr) — | 4itiwr)) yields:

DN o

1 1 1
H?‘Si7i+1> = |:— - = (0 x1— § X

1 3
13 —5 X 5)] |Sii11) = |Siit1) (A.5)
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while the same action destroys any of the possible triplet |t§‘3rl)

w |1 1 1 3 1 3 W
Note that here we use the fact that S; commutes with S;;; so we can take the eigenstates
of §2, 582, and 2, simultaneously.

In another way, the singlet projection operator defined in Eq. (A.1) can also be defined

as:
I} = |sis1)(sil- (A7)
Because the basis {|Si,i+1>a|tz('71i)-1-1>7 tEQl)Jrl),|t£?;)+l>} is orthonormal, this definition of II?

straightforwardly satisfies (A.2).

Two definitions (A.1) and (A.7) can be shown to be equivalent by computing and then
comparing the matrix elements of two operators |s;;i1)(s;i+1] and }l A 5}“ on the
orthonormal basis {|s; 1), |tz(ll)+1>, ]tl(zz)Jd), |t§3;)+1>} In doing this, the expressions in (A.2)
are used as well as the fact that the basis {|s; 1), |t§11)+1), |tz(2z)+1>7 \tf?ﬁrl)} is orthonormal. In
particular, one finds that for both operators, there is only one non-vanishing element, which
1s:

<Si,i+1|3i,z‘+1><3i,i+1|5i,i+1> =1, (A.S)

and, because of (A.5)
(ii41] (%l -5 gz’ﬂ) |85,i41) = (Siiq1]Siip1) =1 (A.9)
thus proving the equivalence between two definitions (A.1) and (A.7).
A.2 von Neumann entropy

Basic relations

Definition 1 Given a quantum state which is described by a density matrix p, the von

Neumann entropy of this state is defined by:

S(p) = —Tr(plog, p). (A.10)

Remark 1 In general, the density matrix p of a particular mixzed state can be written as a

spectral decomposition

pzzxiww (A.11)
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with Y, A\; = 1. The von Neumann entropy S(p) defined in (A.10) is then determined by:

==Y Ailog, \;. (A.12)

Remark 2 The von Neumann entropy has some interesting and useful properties listed

bellow, which are easy to be proved [05]

1. The entropy of a state described by p is non-negative. The entropy is zero if and only

if p describes a pure state.

2. Entropy of a tensor product is the sum of the entropies of its components:

S(p1 ® p2) = S(p1) + S(p2)- (A.13)

Proof of the formula (3.11)

This section is intended to give a derivation of the Eq. (3.11) for the von Neumann
entanglement entropy of a block A of L sites in a given valence-bond state |a) as shown
on the Fig. 3.4. The complement of A is regarded as the subsystem B for the purpose of
determining von Neumann entanglement entropy.

Assume that the whole system is described by a state |«), which is, again, the direct
product of all the singlet state |S;). Moreover, the singlet states can be classified into there
categories: |S;) € A for the singlets having two sites belonging to A, |S;) € B for those

(cross)>

which have two sites belonging to B, and |5, for the singlets with one site belonging to
A and the other belonging to B. The density matrix of the whole system, therefore, can be

written as

la)(al=| &) 1SSl | @ [ &) 18:)(Si] <®|S(Cr°ss) <Cr°SS|). (A.14)

|Si)eA |S;)eB
When determining p4, all the degrees of freedom of B are traced out. The second term in

(A.14) can be easily shown to return unit:

Trp ®|Sz><sz| =1 (A.15)

|Si>EB

thus

pa = TI'A <® |S cross) <S(crOSS)|> X ® |Sz><Sz| . (A16)
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Now the von Neumann entropy S of the reduced density matrix ps can be computed.
Because of the first properties mentioned in Remark (2), the contribution of the second
factor on the right hand side of Eq. (A.16) is zero, while the second properties in Remark
(2) leads to:

Sa=>_ S5 (A.17)

In this formula, SS:OSS) is defined as the von Neumann entropy of the reduced density matrix
pE:;OSS) _ TI'AZ- <|Si(cross)> <S,L-(CTOSS) |> (A18)

which corresponds to the singlet state |Si(cross)). Since SXYOSS) = Sbond are the same for any

singlet state |SZ-(CT°SS)>, the formula (A.17) becomes
Sa = NrSpond; (A.19)

which proves the formula (3.11).
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